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ABSTRACT

This study investigates the grammatical inference of phonological pro-
cesses from featural representations, focusing on the class of k-Input
Strictly Local (k-ISL) functions (Chandlee et al. 2014; Chandlee and
Heinz 2018). We present the Factor-by-Feature (FxF) framework which
decomposes the learning task into smaller ones along featural dimen-
sions. The FxF framework is compatible with any grammatical infer-
ence algorithm designed to infer string-to-string functions in terms of
finite-state transducers. The Structured Onward Subsequential Infer-
ence Algorithm (SOSFIA) is one such grammatical inference algorithm
which has proven learnability results in linear time and data (Jardine
et al. 2014). We empirically evaluate FxF on five phonological pro-
cesses across four languages: English, Yawelmani, Chukchi, and Pol-
ish, representing cases of feature spreading, feature changing, and fea-
ture insertion. Comparisons are provided in each case between learn-
ing these processes over segments with SOSFIA alone and with SOSFIA
in the FxF framework. To better measure data efficiency, we also intro-
duce AMPA, a sampling algorithm that identifies smaller characteristic
samples which, informally, are sets of data that guarantee successful
generalization. Our results demonstrate that FxF consistently yields
more compact and learnable data representations, significantly reduc-
ing the size of characteristic samples. These findings underscore the
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importance of phonological representation and support linguistically
informed learners for phonological grammars.

INTRODUCTION

This article shows how to incorporate phonological representations,
in particular phonological features, into grammatical inference algo-
rithms to make them more effective for the learning of phonological
processes. This result is important not only because it uses representa-
tional primitives that are central to phonological theory, but also be-
cause the grammatical inference algorithms tend to come with some
theoretical guarantees. For example, we can say with certainty that al-
gorithm A, when given certain data D exemplifying any process P from
a certain class of processes C, will return a grammar for P. In this way,
the approach adopted here gives equal weight to understanding the
general behavior of a learning algorithm (as expressed in theorems
about its behavior) and to representational commitments of phono-
logical theory.

Broadly speaking, this approach contrasts with other valid and
interesting approaches to learning phonological processes. For exam-
ple, Belth (2023) develops the Parsimonious Local Phonology (PLP)
learner that learns phonological grammars formalized as a series of
one or more phonological rules. While this program performs well on
a variety of experiments, and employs phonological representations
such as features, it lacks theoretical guarantees regarding its general
behavior. It is not known, for instance, precisely what class of pro-
cesses can be learned by such programs.

In the constraint-based tradition, the picture is somewhat dif-
ferent. Optimality-Theoretic grammars incorporating phonological
representations can be learned with Recursive Constraint Demotion
(RCD), an algorithm that does come with theoretical guarantees (Tesar
and Smolensky 1998, 2000; Prince and Tesar 2004). However, it is
still not known which class of processes is being learned. All that is
known is that the class belongs to the factorial typology given by the
set of constraints but this typology is relatively unconstrained in the
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kinds of patterns it may include, even when the constraints themselves
are significantly restricted (Lamont 2021, 2022).

The neural network (NN) tradition also includes interesting exper-
imental results (Begus 2020; Prickett 2021). Nevertheless, it remains
an active area of research whether such systems encode phonological
representations such as features in some way, what kinds of processes
such systems can express, and what kinds of processes such systems
can learn from data.

On the other hand, the grammatical inference (GI) tradition de-
velops algorithms whose principal aim is to understand the conditions
under which a learner can generalize appropriately from data (de la
Higuera 2010; Heinz et al. 2015; Heinz and Sempere 2016; Wieczorek
2017). This tradition answers questions like “What algorithm A (if
any), when given certain data D exemplifying a process P drawn from
a certain class of processes C, will invariably return a grammar for
P?” However, some have argued that the utility of these algorithms is
limited in the domain of phonology (Gildea and Jurafsky 1996).

The overall advantages and disadvantages of these approaches
are summarized in Table 1. This summary should not be taken liter-
ally: whether a particular approach satisfies a given criterion is not
as black-and-white as the table suggests. In reality, the cells would
fall along a spectrum (i.e., various shades of gray). Nonetheless, the
table reflects our overall understanding of the literature, and we be-
lieve the Yes/No entries capture the main strengths and weaknesses
of each approach. A valuable research goal in any of these traditions
is to develop results that turn “No” cells into “Yes” cells. This article
shows how to turn the upper-right cell of Table 1 from “No” to “Yes.”
Future work will test the approach on the kinds of experiments used
in earlier studies.

Table 1: Learning criteria and their inclusion in different traditions of learning
phonological processes

Criteria PLP RCD NN GI
Uses phonological representations Yes  Yes No No
Performs well on learning experiments Yes Yes Yes No
Theorems exist about learnable class No No No Yes
Theorems exist about learning behavior | No Yes No Yes
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Formal Grammars and Grammatical Inference

It has been known for decades that phonological processes can be
described with finite-state machines (Johnson 1972; Kaplan and Kay
1994). Finite-state acceptors recognize exactly the regular languages,
and finite-state transducers compute the corresponding regular rela-
tions (string-to-string mappings). That means that every regular lan-
guage or relation can be implemented by some finite-state machine.
Regular languages and relations thus provide an upper bound on the
complexity of phonological grammars (Heinz 2011a).

Recent work in subregular phonology further shows that attested
phonological patterns occupy highly structured proper subclasses of
these regular languages and relations (Heinz 2010a, 2011b, 2018,
2025). In particular, many phonological processes can be modeled
with subsequential functions, which are a proper subset of regular
string-to-string mappings (Heinz and Lai 2013; Chandlee et al. 2014;
Chandlee 2017; Luo 2017; Payne 2017; Chandlee et al. 2018), and
can be instantiated with deterministic finite-state transducers (DFTs)
(Sakarovitch 2009).! A wide range of attested processes fall into a
subclass of those functions, particularly, the class of k-Input Strictly Lo-
cal functions (Chandlee 2014; Chandlee and Heinz 2018). This class
bounds the relevant contexts for phonological changes to memory win-
dows of size k. These formal restrictions align with empirical typology
and provide insights into computational properties of phonological
processes. Extensions of this class have been used to account for non-
local phonological processes (Burness and McMullin 2020; Burness
et al. 2021).

Importantly, the subregular perspective also provides formal
learnability results. Subsequential functions are identifiable in the
limit (Gold 1967) in cubic time and data (Oncina et al. 1993). Despite
this theoretical advance, the data samples sufficient for successful gen-
eralization are typically larger than — and qualitatively distinct from
— realistic linguistic data (Gildea and Jurafsky 1996). In practice, hu-
man learners are exposed to limited input (Lignos and Yang 2016),
yet they successfully acquire phonological grammars without explicit

I These transducers are also called sequential in the literature.
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instructions (Yang 2013). This discrepancy between the learnability
results and the actual language acquisition is one of the primary mo-
tivations for this research. More data-efficient learners may not only
bridge the gap between theory and practice, but can also address the
under-representation of low-resource languages in language technol-
ogy (Wiemerslage et al. 2022; Nag et al. 2024).

Consequently, recent research in grammatical inference focuses
on identifying subclasses of sequential functions with better bounds
on time and data. Chandlee et al. (2014) show that the Input Strictly
Local Function Learning Algorithm (ISLFLA) can learn k-ISL functions
in quadratic time and data. Jardine et al. (2014) introduce the Struc-
tured Onward Subsequential Function Inference Algorithm (SOSFIA)
that provides a recipe for learning particular subclasses of subsequen-
tial functions, including the k-ISL functions, in linear time and data.
SOSFIA can also be used for learning phonological processes which
are not k-ISL, but belong to other related classes, such as the Reverse
Definite and the Tier-based (Reverse) Definite classes (Lambert and
Heinz 2024). Such learners can therefore serve a dual role: they bring
formal learnability results closer to the conditions of human language
acquisition, and they remain effective when only small datasets are
available for low-resource languages.

More technically, as discussed in the grammatical inference liter-
ature (de la Higuera 2010; Heinz et al. 2015; Heinz and Sempere 2016;
Wieczorek 2017), a dataset D is a characteristic sample for a learning
algorithm A and a target concept C provided that for any set of data S
including D (D C S) it is the case that A returns an accurate representa-
tion of C given S. Informally, the presence of a characteristic sample in
the data guarantees a successful generalization. Furthermore, if there
is a function f, such that A runs in f time and data, then this means
that the running time of A is bounded by f(|S|) and that the size of
a characteristic sample for any target concept C is bounded by f(n)
where n is the size of the representation of C. Since we are concerned
with subsequential transducers, n is the size of the transducer. Thus,
for k-ISL functions, SOSFIA is thought to have smaller characteristic
samples than, for example, the Onward Subsequential Transducer In-
duction Algorithm (OSTIA; Oncina et al. 1993), because of the tighter
theoretical bounds on time and data (linear for SOSFIA and cubic for
OSTIA).
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Contribution

This work approaches the problem of reducing requirements for suc-
cessful generalization by incorporating phonological representations,
particularly phonological features. As discussed in more detail below,
phonological features are representational primitives widely adopted
by phonological theories (Hayes 2009; Zsiga 2013; Bale and Reiss
2018). Building on the feature-based learning strategy introduced
by Markowska and Heinz (2023), we introduce the Factor-by-Feature
(FxF) framework that decomposes the learning problem, such that the
target function is understood as a collection of functions, one for each
phonological feature, each of which must be inferred. Inference is con-
ducted over values associated with each feature, as opposed to fully
specified segments. Such factorization allows a reduction in the size of
the alphabet, which we show directly affects the size of the transducer,
and therefore the size and quality of the characteristic sample. The
FxF framework can be used with any learner suitable for phonological
grammars. Here we instantiate FxF with SOSFIA (Jardine et al. 2014)
and compare it directly to a baseline in which SOSFIA is applied to
segmental representations of the data without featural factorization.
The FxF approach is empirically evaluated on four phonological
alternations across four distinct languages: English vowel nasaliza-
tion, Yawelmani vowel shortening, Chukchi final schwa epenthesis,
and an opaque interaction of final devoicing and o-raising in Polish.2
In each case, we compare the segment-based SOSFIA to the feature-
based one. The results show that FxF consistently requires significantly
fewer training examples to achieve the desired generalization. For a
2-ISL process with one feature change (such as English), we observe a
reduction of up to 98% in the size of a characteristic sample. In more
challenging cases, such as epenthesis and interaction of processes af-
fecting multiple features, the reduction was at best 86% for Chukchi
and 52% for Polish, given a limited input alphabet of size 7. These find-
ings highlight the practical benefit of incorporating phonological rep-
resentations into the learner and support the view that linguistically
informed algorithms can be both formally rigorous and data-efficient.

2 Code and materials are available at: https: //github.com/m-markowska/
feature-learning-SOSFIA.
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This paper is organized as follows. Section 2 reviews the role of
features in phonology and grammatical inference, and provides an
overview of learners capable of inferring classes of sequential func-
tions. Section 3 supplies the necessary formal definitions and nota-
tions. Section 4 introduces the factoring by feature idea and explains
how phonological functions can be decomposed along featural dimen-
sions. Section 5 provides theoretical explanation for why a learning
strategy like FxF can, in principle, reduce the size of characteristic
samples. Section 6 describes the algorithms central to this work. Sec-
tion 7 presents the empirical evaluation of the approach in the afore-
mentioned processes with and without the FxF approach. Section 8
offers further discussion of the novel framework and its limitations, as
well as future work. Finally, Section 9 concludes with a summary of
the contributions of the paper.

RELATED WORK

Importance of Phonological Features

Phonological features have played a central role in linguistic the-
ory, tracing back to the seminal work of Roman Jakobson and Niko-
lai Trubetzkoy (Jakobson et al. 1951; Trubetzkoy 1969) and exten-
sively developed in the subsequent theoretical framework, such as
SPE (Chomsky and Halle 1968). Features group speech sounds into
natural classes, which both simplifies the description of phonologi-
cal rules and enables generalization across typologically diverse lan-
guages (Clements and Hume 1995). For example, a process which tar-
gets voiced obstruents can be characterized as a natural class with the
representation ([ ¥ SO}’fgf:m]) rather than listing individual segments,
such as [b d g v z 3 d3 y], within that class. Furthermore, features also
make it possible to represent phonemic distinctions at various levels of
representations (Kaye 1980; Rubach 2019). For example, in English,
the distinction between aspirated and unaspirated voiceless stops is
merely a surface one, while for native Thai speakers aspiration is a
contrastive feature to distinguish the types of voiceless obstruents in
the mental representation (Hyman 1975, pp. 26-27).

2.1
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Beyond their role in stating phonological rules, there is indepen-
dent evidence that features are needed to characterize the organiza-
tion of phonological systems themselves. Typological studies of seg-
mental inventories argue that cross-linguistic generalizations are best
captured in terms of a set of distinctive features and some principles
aimed at organizing them (e.g., feature economy, robustness, phono-
logical enhancement), rather than in terms of segments (Avery and Id-
sardi 2001; Clements 2009). Complementary work in the contrastive
hierarchy tradition posits that only contrastive features, which are ar-
ranged in a language-specific hierarchy, participate in phonological
computation. Within this framework, such hierarchies are necessary
to account for patterns such as neutralization or harmony in an empir-
ically adequate and logically coherent way (Dresher 2009, pp. 11-35).
In this view, it is not just the mere existence of features, but also
their contrastive status, that is central to the structure of phonolog-
ical grammars.

The importance of a featural level of representation is also cor-
roborated by psycholinguistic evidence (Du and Durvasula 2025) and
speech-error studies (Fromkin 1971), as well as by work on segment
inventories, phonological alternations, and phonetic implementation
(Cohn 2011). These pieces of evidence support the idea that feature-
based representations play an important role in phonology, indepen-
dently of any particular theory of learning. At the same time, the na-
ture of features remains a subject of debate (Duanmu 2016). Tradi-
tional generative approaches argue that features are innate and are
part of the learner’s prior knowledge, on the grounds that some rep-
resentational primitives are a logical precondition for any learning
(e.g. Chomsky and Halle 1965, 1968; Fodor 1980; Reiss and Volenec
2022). We adopt this point of view here, while acknowledging that
some researchers aim to infer features and natural classes from distri-
butional patterns in the input (Mielke 2008; Mayer 2020). In practice,
many computational models assume, as we do, that a feature system
is ‘baked’ into phonological models (Gildea and Jurafsky 1996; Hayes
and Wilson 2008).

Because phonological features have so much independent sup-
port, employing featural representations to learn phonological pro-
cesses has ample precedents within the field of phonology. For ex-
ample, Albright and Hayes (2002, 2003) provided a learning model
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which represents segmental changes with those sets of features that
are the smallest natural class consistent with them. More recently,
Belth (2023, 2024) presents a rule-learning model which incorporates
the Tolerance Principle (Yang 2016) and shows that it can generalize
less conservatively. Despite the merits of these learning models and
the simulations conducted with them, they do not have theoretical
results with respect to their general learning behavior.

This paper adopts an alternative strategy: it begins with learning
algorithms in the grammatical inference tradition, which come with
some theoretical guarantees, and adapts them to incorporate features.
In this way, this work bridges two communities: for the phonological
community, it helps introduce them to results in grammatical infer-
ence, and for the grammatical inference community, it shows how to
incorporate sub-symbolic structure into their algorithms.

Strother-Garcia et al. (2016) and Vu et al. (2018) show how
model-theoretic approaches to formal languages enable one to nat-
urally provide grammars which make reference to phonological fea-
tures. Building on this work, Chandlee et al. (2019) and Rawski (2021)
introduce the Bottom-Up Factor Inference Algorithm (BUFIA) which
provably learns formal languages describable as the conjunctions of
constraints, where the constraints are defined over arbitrary, but
given, model-theoretic signatures. Recently, BUFIA has been shown
to be practically effective for learning both phonotactic constraints
(Swanson et al. to appear) and tonotactic constraints (Li 2025).

The line of research in this paper differs from this earlier research
in two ways. First, it targets phonological processes (transformations
of strings to strings) as opposed to phonotactics (well-formedness of
strings). Second, the aforementioned works used logical representa-
tions of grammars, whereas this study uses finite-state representations
of grammars. Related work by Yolyan (2025a,b) incorporates the ideas
underlying BUFIA into a learning model for phonological processes
described with the logical formalism known as Boolean Monadic Re-
cursive Schemes (Bhaskar et al. 2020; Chandlee and Jardine 2021). A
detailed comparison between that approach and the one adopted here
is left for future research.
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Subregular Classes in Phonology

This work stems from the idea that phonology is computationally sim-
ple. Heinz (2011a,b, 2018, 2025) provide an overview and arguments
for this idea. On the stringset side (phonotactics), Heinz (2010a) ar-
gues that local phonotactics belongs to the Strictly Local class and
that long-distance phonotactic patterns belong to the Strictly Piece-
wise class. As such, well-formedness depends only on contiguous sub-
strings or non-contiguous subsequences. Subsequent logic-based char-
acterizations (Rogers and Pullum 2011; Rogers et al. 2013) and the
consideration of the Tier-Based Strictly Local class (Heinz et al. 2011;
McMullin 2016; Lambert and Rogers 2020; Lambert 2023) further re-
inforce that phonotactic patterns occupy a very restricted complexity
range. Furthermore, these classes, when parameterized, can be learned
by simple mechanisms (Heinz 2010b; Heinz et al. 2012; Jardine and
Heinz 2016; Jardine and McMullin 2017; Lambert et al. 2021). Ad-
ditional related classes for phonotactics are studied by Lambert (to
appear).

Of particular relevance to this study are subregular classes of
string-to-string functions that can model various phonological pro-
cesses. Long established results in computational linguistics show that
phonological rules can be represented with subsequential functions
and modeled with deterministic finite-state transducers (Kaplan and
Kay 1994; Sakarovitch 2009). Chandlee (2014) and Chandlee and
Heinz (2018) demonstrate that many phonological processes fall into
small subclasses of sequential functions: Input Strictly Local (ISL) and
Output Strictly Local (OSL). The outputs in ISL functions are deter-
mined based on a bounded window of the input context, while in OSL
functions the outputs depend on a bounded window of the output con-
text. More complex processes might require projection of relevant el-
ements onto tiers or other formal devices (Jardine 2016; McCollum
et al. 2020; Burness et al. 2021; Lambert 2022; Lambert and Heinz
2023, 2024).

The subregular classification of phonological mappings offers sig-
nificant advantages for learnability. When a learner is equipped with
the prior knowledge that the target function lies within a well-defined
subregular class, the hypothesis space can be constrained accordingly,
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which can enable efficient generalizations. Such restrictions not only
reduce the risk of overfitting but also provide formal guarantees of
convergence and correctness. In the next subsection, we provide a re-
view of algorithms designed to identify classes of sequential functions.

Subsequential function classes learners
and their limitations

Oncina et al. (1993) introduce OSTIA, which successfully identifies any
total subsequential function in the limit, given a positive characteris-
tic sample. OSTIA enforces onwardness, a property which guarantees
that outputs are produced as soon as they are determined. It constructs
a prefix tree transducer and merges compatible states, which allows
for further generalization to unseen data. While the algorithm runs in
polynomial time, its cubic time and data complexity can be computa-
tionally expensive in practice (Gildea and Jurafsky 1996).

Chandlee et al. (2014) present the ISLFLA algorithm that specifi-
cally learns the class of k-ISL functions. The learner, like OSTIA, builds
a prefix tree transducer and merges states to produce a transducer
with the appropriate structure. The counterpart for k-OSL functions
was developed by Chandlee et al. (2015) and is called OSLFLA. It gen-
eralizes by constructing a finite-state transducer, iteratively exploring
the states reachable from an initial state and associating transitions
with the longest common prefix of the outputs observed in the training
data. Both learners run in quadratic time and data. Thus, in practice, if
one knows that the target process belongs to the k-ISL or k-OSL func-
tions, then efficiency considerations would favor the use of ISLFLA
and OSLFLA over OSTIA.

Jardine et al. (2014) introduce SOSFIA, which identifies particu-
lar subclasses of subsequential functions in linear time and data. SOS-
FIA assumes that the underlying structure of the transducer modeling
the target function is known in advance. For many subregular classes,
such as k-ISL functions, this is, in fact, the case: the class determines
the structure of the transducer. Consequently, the learning problem is
reduced to calculating the outputs for each transition. Due to its effi-
ciency relative to other learners, we adopt SOSFIA as the basis for illus-
trating the Factor-by-Feature approach proposed in this paper. Further
technical details on the algorithm are provided in Section 6.

[ 11 ]

2.3



Magdalena Markowska, Jeffrey Heinz

The learners discussed above show how the structure of the hy-
pothesis can facilitate successful generalization. As Heinz (2010a,
p. 636) argues, whether a grammar employs featural representations
or not is orthogonal to other formal properties of the grammar, such as
whether it describes a string-to-string mapping that is sequential, ISL,
or OSL. Thus, the focus of the above works was on the contributions
such formal properties can make to learning. That said, the aforemen-
tioned learners all share a core limitation in practice. In particular,
they appear to require large, highly specific characteristic samples.
Gildea and Jurafsky (1996, p. 507) note that the characteristic sam-
ple “may require types of strings that are not found in the language
for phonotactic or other reasons.” For example, it may require a string
containing a ttt sequence. The practical consequence is that actual data
sets do not contain characteristic samples. For learners that construct
transducers from the data where each encountered data point has its
representative path, such as OSTIA or ISLFLA, missing data points lead
to failure in generalization or incomplete functions. SOSFIA, on the
other hand, technically refuses to output a transducer in the absence
of a characteristic sample, though heuristics can be added to ensure
that it outputs something.

Learners operating over symbols representing segments may not
generalize across the segments that share some phonological feature
specifications. Put differently, symbols such as [b], [d], [g] are seen
as entirely separate units, and their crucial similarity of being voiced
obstruents is lost. This contrasts with phonological theory in which
rules and constraints are described in terms of natural classes, and
not segments in isolation. The FxF framework directly addresses this
issue by shifting the learning problem from segment-level to feature-
level processes. By identifying the target function in terms of each
individual feature, FxF allows for generalization across any segment
sharing particular feature values, which in turn reduces the data and
improves interpretability. In this way, it directly synthesizes represen-
tations motivated by phonological theory with grammatical inference
algorithms that come with theoretical guarantees.

[ 12 ]
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PRELIMINARIES

Let ¥ denote a finite input alphabet of symbols and %* the set of
all strings over X of finite length. Such strings are called X-strings.
The alphabetic symbols can represent either phonological segments,
phonological feature values, or anything else that can be sequentially
ordered. If w is a string, then w; indicates the ith symbol in w and |w|
signifies the length of the string. A is the empty string and |A| = 0. For
nonempty strings w, it follows that w = wyw, ... w, with n = |w|. The
prefixes of w are defined as follows: Pref(w) = {u e &* :uv = w,v €
>*}. Similarly, the suffixes of w are Suff(w) = {v e X" : uv = w,u €
¥*}. Also, Suff(w)*! (Pref(w) 1) is a suffix (prefix) of length k — 1
for some k € N.

Given X-strings u and v, their concatenation is denoted as uv.
If w= uv, u"'w = v. Given two alphabets X, A, a X-string u, and
A-string v of the same length, their direct product is a ¥ x A-string
uxv=_(up,v)(uy,vy)...(uy,v,).

DEFINITION 1 The longest common prefix (Icp) of a set of strings S,
where S C X%, is defined as follows:
lep(S) = x iff x € () Pref(w), Vx’(x’ € () Pref(w) = [x'| < |x|)
weS weS

Let A denote an output alphabet. Given a relation t : &* x A¥,
for all w € ©* and for all v € A*, if (w,v),(w,V’) € t implies v =/,
then t is a function and we write t(w) = v. A function is total iff for all
w € ¥* there exists v € A* s.t. t(w) =v.

For any function f : ¥* — A* and w € X* we define the tails
of x with respect to f as tails;(x) = {(y,v) : f(xy) = w, u =
lep(f (x*))}. Informally, the tails of x with respect to f is the func-
tion identified with the input/output pairs (y, v) that extend from the
input x and the lcp of all of possible outputs from input strings begin-
ning with x (x,lep(f (x*)). Two strings x and x’ are tail-equivalent
with respect to a function f iff tails;(x) = tails;(x’). We also denote
it as follows: x ~ x’', where ~ ¢ is the equivalence relation induced
by tails; which partitions %*. A subsequential function is a function f
that ~; X* into finitely many blocks (Choffrut 1977, 2003; Oncina
and Garcia 1991).

[ 13 ]
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Subsequential Finite-State Transducer

There are different ways to represent finite-state transducers that de-
fine subsequential functions (Oncina et al. 1993; Mohri 1997; Choffrut
2003). We use the delimited onward finite-state transducer (Jardine
et al. 2014) because it associates every output with a transition, which
simplifies presentation and analysis of the SOSFIA learning algorithm.
Formally, onwardness relates the states in the transducer to the blocks
induced by the tails equivalence relation. Informally, it ensures that
outputs are produced as early as possible.

DEFINITION 2 A delimited onward subsequential finite-state trans-
ducer (DFT) is a tuple (Q,%,A,qo,qr,6) where Q is a finite set of
states; ¥ and A are input and output alphabets, respectively; q, € Q
is the initial state; q; € Q is the final state; the transition relation is
6€Qx(ZU{x,x})x A*xQ; x and X are the left and right boundary
symbols respectively, and the following holds:

i if (g,a,v,r) € & then q # q; and r # q, (there are no outgoing
transitions from the final state nor any transitions incoming to the
initial state),

ii. if(q,a,v,qs) € 6 then a =X and q # q (all transitions to the final
state have as input the right word boundary and do not originate in
the initial state),

iii. if (qy,a,v,r) € & then a = % (all transitions out of the initial state
have as input the left word boundary)

iv. if (q, %, v,r) € 6 then q = q, (all transitions which have as input the
left word boundary originate in the initial state),

v. if ((g,a,v,1),(q,a,u,s)) € 6 then (v = u) and (r = s) (determin-
ism),

vi. (Vg €(Q\go))llep{v e £¥|(a € =, r €Q)(g,a,v,r) €8]} = 1]
(onwardness).

The function a DFT T recognizes can be defined by establishing a
recurrence between input strings, states, and output strings. Informally, the
idea is that given a state q and with an output string y already written,
we can process an input string x letter by letter until its end, and return an

[ 14 ]
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updated output string y’. Formally, this function has type 7 : Q x A* x
¥* — A* and is defined as follows.

n(q,y,A) = Yy
n(q,y,ax) = m(q’,yv,x)provided (q,a,v,q') €&

Finally, the function defined by T is {(x,y) e X x A*| m(gg, A, XxXX) =
y}. We write T(x) =y iff (x,y) € 7.
For additional details regarding these DFTs see Jardine et al. (2014).

Input Strictly Local (ISL) Functions

One class of subsequential functions that we focus on in this paper are
Input Strictly k-Local (k-ISL) functions defined below in Definition 3
(Chandlee et al. 2014).

DEFINITION 3 A function f is ISL iff there is a k € N such that for
all uy,u, € T if Suff " (uy) = Suff ' (u,) then tails; (v, ) = tails; (uy).
A function is k-ISL if it is ISL for some k.

We limit our attention to total k-ISL functions. Informally, for
every total ISL function f, there is a k marking the length of the
widest substring required to define f, and there is a DFT representing
f which is structured in a particular way: the current state of the ma-
chine is always determined by the previous k — 1 symbols read in the
input. Such DFTs are called k-ISL DFTs. Chandlee et al. (2014) pro-
vide an automata-theoretic characterization of ISL functions, Lambert
and Heinz (2023) characterize them algebraically, and their relevance
to phonology is discussed in Chandlee and Heinz 2018 and Chandlee
et al. 2018.

DEFINITION 4 A total k-ISL DFT can be constructed as follows:
- Q=x%"1u{qo,q;},
« dJve A*s. t (qy, ™, v,A) €6.
* Vq € Q\{qO: qf }, dJveArs. t (q) X, v, qf) € 0.
* Vg €Q\{qo,qr},Vaer,Ive A¥s. t (q,a,v, Suff“!(ga)) € 6.

Note that this construction may not be the smallest onward DFT
recognizing a k-ISL function. An important insight resulting from this

[ 15 ]
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construction of a k-ISL DFT is the dependency of |Q| on the parameter
k and the cardinality of X. In other words, the larger the k or the larger
the alphabet ¥, the larger the state space. The cardinality of Q can be
calculated as follows: |Q| = Zﬁ;(l) =t +2.3

Example: English Vowel Nasalization

Let us consider a concrete example of a 2-ISL function, such as English
vowel nasalization. In this process vowels are nasalized when followed
by nasal consonants. Solé (1995), Chen (1997), and Proctor et al
(2013) show that nasalization is systematically conditioned and that
listeners perceive nasalized vowels as distinct from their oral coun-
terparts. Generative analyses of English phonology typically assume
that vowels are underlyingly oral and undergo regressive nasaliza-
tion when followed by tautosyllabic nasal consonants (Selkirk 1972;
Hayes 2009). The traditional view, advocated by Krakow and Huff-
man (1989) and formalized by Krdmer (2015), treats the alternation
as a predictable, non-contrastive feature-spreading rule. We adopt this
view in our study.* For the purpose of this study we do not introduce
syllable boundaries to the data and we represent the process as fol-
lows:

@)) Vowel Nasalization (VN)
[—cons] — [+nasal] / [:;g;‘;l]

We now turn to explaining how this process can be modeled with
a 2-ISL DFT, using a toy alphabet ¥ = {a, m, t}. With this alphabet,
the cardinality of Q is 6. A 2-ISL DFT representing a full inventory of
English phonemes will quickly grow in size as every phoneme needs
to be represented in a separate state. Figure 1 presents a 2-ISL DFT

3The number 2 includes the initial state g, and the final state g Iz

4 Alternative analyses exist. In Optimality Theory (Prince and Smolensky
1993) under the principle of Richness of the Base (Kager 1999), the underly-
ing form may be considered already nasalized. Some studies have argued that
nasalization arises from gestural overlap between the articulatory movements of
a vowel and a following nasal consonant (Cohn 1993; Krakow 1993; Fowler and
Brown 2000), in which case, nasality can be interpreted as an automatic product
of coarticulation and does not require reference to phonological processes per se.

[ 16 ]
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for |X| = 3. For better readability, the transition from A to the final
state (qy), the empty string transition, is omitted. The outputs on the
transitions to and from the initial and final states are specified to be
the empty string. The outputs on the transitions from the A state to
the m, a, and t states are m, A, and t, respectively.

Consider how the DFT depicted in Figure 1 maps /mat/ to [mat]
(as shown in Table 2) and /tam/ to [tdm] (as shown in Table 3).

Input: X m a t X
States: q — A — m — a — t o g
Output: A m A at A
Input: X t a m X
States: ¢q — A — t — a — m — g
Output: A t A am A

Because nasalization is conditioned by a right context, the tran-
sitions into the ‘a’ state from a distinct state outputs A because at this
point, it is unknown whether the following segment will be a nasal
consonant or not so it is unknown whether to output ‘a’ or ‘a.” Once
the segment following ‘a’ is read, the output produces either ‘a,” ‘at,’
or ‘am’ appropriately. With the growth of the alphabet, it would be

[ 17 ]
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observed that all vowel states behave in a similar manner, a general-
ization that can be captured with featural but not segmental represen-
tations. The following section provides details on how we incorporate
phonological features into the learning process.

Features

In this work, we consider a feature ¢ to be a function from an al-
phabet 3 to the set of values V = {+,—, 0}, which indicate positive,
negative, or a null value for the feature respectively. As an example,
consider the feature system for English in Table 4, adapted from Hayes
(2009, pp. 70-99), which specifies several features for the phonemes
of English.®

Each feature ¢ can be lifted to a homomorphism from %* to V* in
the natural way. For instance, [cor](mat) =[ - o + ] and [cons](mat) =
[+—+]. We call ¢(x) the projection of x to the feature ¢.

Given an ordered list of features ® = (¢4, ¢, ... ¢,), we interpret
& as the direct product of the homomorphisms of its component parts.
For instance, [ &as | (mat) = [ 7O ] As is common in the phonological
literature, we write these strings of feature sets with square brackets
instead of the more cumbersome (—,+)(0,—)(+,+). Like before, we
say ®(x) is the projection of x to the features in . Note that the
domain of ® is 2* and its co-domain is (V™)*.

Finally, given a sample S of input/output pairs and two sets of
features ®,®’, let (®,®')(S) = {(®(x),®'(y)) : (x,y) € S}. In other
words, for any pair of strings (x, y) we can project the x string to a
set of feature values from ¢ and the y string to a set of feature values
from &’

Given a feature system F, we observe that there are maximally
|V|IF! distinct representations (see Reiss 2012 for discussion). This is
the maximal size of the featural alphabet. Throughout the remainder
of this paper, we use %y to denote the featural alphabet and %, to
denote the segmental alphabet.

5Because vowels require fewer features to be fully specified, any feature that
Hayes (2009) does not use for vowels is assigned the value 0 in our system, so the
feature [coronal] for a vowel is represented as [0 coronal]. To keep the notation
concise, we abbreviate feature names to their first few letters, so [cons] stands
for [consonantal] and [cor] stands for [coronal].
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DECOMPOSING FUNCTIONS
WITH FEATURES

We aim to decompose the target sequential function f : ©¥* — A* into
n-many sequential functions, one for each feature ¢. In this work, each
¢ is individually represented with a k-ISL DFT, 7 (4 4), Where ¢ is the
feature whose values are being output by the machine, and & is a set of
features being used as input symbols by the machine. Put differently,
each T4 ¢) can be thought of as aiming to predict a particular feature
¢ of the output using only the feature set ® in the input. The feature
combination ¢ may vary across the n-many transducers.

For instance, consider the prior example of English vowel nasal-
ization. Table 4 provides 22 features and so this process will be repre-
sented by 22 transducers, one for each feature. In this work, we assume
each of these will be represented with a 2-ISL DFT, though we discuss
in the Conclusion why we believe this assumption can be relaxed in
future work. All but one of these features, [nasal], is always faithful to
its underlying representation. Consequently, for a faithful feature ¢,
the transducer 74, 4) will be the 2-ISL DFT whose input and output
alphabets correspond to the feature values, and which represents the
identity function. Specifically, for each transition, an input symbol not
equal to % or X is an element of V and the output is an element of V*.
The output on the transitions with an input symbol o € {x, x} is the
empty string A.

In English vowel nasalization, the feature [nasal] is not always
faithful. Furthermore, its surface value cannot be predicted from the
feature [nasal] alone. However, the features [nasal] and [consonantal]
together are sufficient to determine its output value. Thus the feature
[nasal] can be modeled with the 2-ISL DFT 7 nas 1 ,,.,1). The input
alphabet (and thus the states) of this DFT corresponds to the set of
feature value combinations of [nas, cons] in the input.

While there are 32 logical combinations available, in practice we
only use those combinations that are present in a particular dataset.
Since both of those particular features have only binary values {+,—},
this transducer could be composed, in theory, of up to 22 states, i.e.
{{£1,[+1,[=1,[ %]}, where the upper symbol in each pair represents
values for feature [nasal], and the lower one represents values for
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Figure 2:
A 2-ISL DFT([nasal}

- ,nasal)
for English vowel nasalization

[consonantal]. As such, the state [ ] corresponds to a nasal consonant,
[ 7] corresponds to an oral consonant, and so on. However, in this
analysis of English vowel nasalization, there are no underlying nasal
vowels; hence the state [ ¥ ] will be omitted from this transducer.
Figure 2 represents T ([ 235 ] nasal) for vowel nasalization in En-
glish with the initial, final and lambda states omitted for better read-
ability. Also, note the difference between the input and output nota-
tions: the square brackets around the inputs indicate a collection of
values for a single segment. The outputs are strings of values for the
feature [nasal] only. For example, [ ] : ++ means that a [T 285
symbol is being read and two [ + nasal] symbols are being output.
This example may appear to suggest that the feature-based model
of English nasalization is more complex than the segment-based
model. The feature-based model consists of 22 DFTs, whereas the
segment-based model contains a single DFT. Furthermore, as each of
the DFTs is a 2-ISL DFT with |24| < 3, they roughly have the same
number of states. Thus the total number of states in the feature-based
model is roughly 22 times that of the segment-based model. However,
it is important to notice that the segment-based DFT in Figure 1 is
built only for 3 segments: {a, m, t}. The crucial way the transducer
operating over segments differs from the one operating over features is
that as the size of the segmental inventory grows, the number of states
will increase in the segment-based model, but not in the feature-based
model. This is the particular reason why learning sequential functions
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over features requires less data. This point is discussed in greater detail
in the next section.

Finally, we need to explain precisely how the feature-based model
with its n-many DFTs (one for each ¢ € F) produces an output from
an input like /tam/. Recall the notation 74 4) for each of these DFTs,
where @ is the set of features determining the input alphabet and ¢ is
the feature whose values are being output. Essentially, an input string
x is projected according to ¢ and then processed by 7 (g ), producing
a string of feature values for ¢. This happens for each 74 4) in the
feature-based model, and thus n-many strings of feature values are
produced. The feature values across strings are then combined by the
direct product operation in order to recover the segmental units. This
workflow is schematized in Figure 3.

WHY FEATURAL DECOMPOSITION
SHOULD FACILITATE LEARNING

This section argues on theoretical grounds that learning the feature-
based representations will require less data. For concreteness, we
make the argument with k-ISL DFT transducers.

Jardine et al. (2014) prove that the size of a characteristic sample
for a target DFT 7 is O(|7|) (Lemma 18). In other words, the size of the
characteristic sample is a linear function of the size of the transducer.
The size of a DFT 7 is measured by the number of its states and the
lengths of its outputs on its transitions (Definition 5).

DEFINITION 5 The size of a DFT T = (Q, X%, A, qo,q5,6) is |Q| +
Z(q,a,v,r)€5 |V|

Following Definition 4, the number of states in a k-ISL DFT is
simply the cardinality of ©=" ' + 2. Because the size of a k-ISL DFT
transducer is dependent on |X| and k, reducing one of these variables
can reduce the size of the DFT. Table 5 presents an example of how
the state space grows in terms of |%| and k. As k increases, the number
of states increases exponentially. For k = 3, if the alphabet consists of
5 segments, the number of states will grow to 33, while for |X| = 10,
the number of states will increase to 113.
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Table 5:
The number of states =l k=2 k=3 k=4
in k-ISL DFTs 5 8 33 158
10 13 113 1,113
25 28 153 3,278
50 53 2,553 127,553

100 103 10,103 1,010,103

What do these numbers mean for segment-based models vis-a-vis
feature-based models? In a segment-based model, X is the alphabet of
segments. In a feature-based model, % is the number of feature value
combinations used in a particular feature machine.

Consider the example discussed earlier for English vowel nasaliza-
tion. For concreteness, assume a variety of English with 40 phonemes.
It follows that the segmental model would consist of a single 2-ISL DFT
with 43 states. Now consider the featural model. This consists of 22
2-ISL DFTs. For faithful features like [consonantal], there are only 2
feature values {+,—}, which constitute the input alphabet. This [con-
sonantal] DFT would have 5 states. For a vowel feature like [high],
there are 3 feature values {+,—, 0}. Thus, the [high] DFT has 6 states.
For the [nasal] DFT depicted in Figure 2, there are also 6 states, be-
cause only three combinations of the features [nasal, consonant] are
present on the input side in any data sample (recall that the combina-
tion [ *] is omitted since the underlying vowels are not nasal).

As mentioned, the size of a characteristic sample to learn these
DFTs is linear in the size of the DFT. Each of the feature DFTs is a
fraction of the size of the segmental DFT, and it follows that the sam-
ple needed to generalize correctly is correspondingly a fraction of the
size of the characteristic sample to learn the segmental DFT. In other
words, a smaller machine results in a smaller characteristic sample.
Section 7 provides empirical evidence supporting this hypothesis.

There are some caveats worth discussing, which helps motivate
the empirical analysis in Section 7. The total size of the feature-based
model is the sum of the sizes of the 22 DFTs. If each DFT had six states,
the total size of the feature-based model would thus be 132, almost
three times the size of the segmental model. It is natural to wonder
whether the feature-based model is really a smaller model.
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There are two reasons why the comparison in the above example
can be misleading. First, this example is particularly simple in order
to help explain the basic concepts. Processes with larger k windows
require much larger DFTs; in fact, the number of states grows exponen-
tially with respect to k. For instance, suppose that there is a language
with 50 phonemes described with 20 binary features (so each ¢ € F
has only 2 values) and consider a 3-ISL process where each feature
value can be predicted from a combination of two binary features (so
|2s] = 4). A segment-based model needs 2,553 states (Table 5). Each
DFT in the feature model would have at most 20 + 3 states, and thus
the entire model contains 20 x 23 = 460 states. In other words, as
the k value increases, feature-based models can be significantly more
compact.

One potential objection to this line of reasoning is that as the
number of feature combinations grows, the size of % in the feature-
based model can grow as well. For example, if there was one feature
value that required 10 binary features to predict, that could potentially
mean an alphabet of size 21°. This objection is valid to some extent.
We acknowledge that in the worst case, the feature-based model may
be no better than the segment-based model, and could even be worse.
However, we also do not anticipate that the worst case appears very
often. For example, we are not aware of any phonological processes
that would require 10 features interacting to predict the value of a
feature. Feature systems are also generally ‘sparse’ in the sense that
one can usually find fewer than 10 features to uniquely pick out a
phoneme. In other words, the specter of the worst case may be more
theoretical than found in actual practice.

The second reason for comparing the total size of the segmental
model to the feature-based model is that the size of the characteristic
sample for the feature-based model may not be the sum of the sizes
of the characteristic samples of the individual DFTs that make it up.
Those characteristic samples may overlap quite significantly.

In short, the questions raised by this theoretical analysis motivate
the empirical investigation in the next section. We believe the results
there vindicate the approach advocated here.
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THE ALGORITHMS

This section describes three algorithms central to this study. First, we
discuss the SOSFIA algorithm introduced by Jardine et al. (2014). Next
we present the Factor-by-Feature (FxF) algorithm which uses SOSFIA.
Once again, we emphasize that the FxF algorithm is a broader con-
cept that can work with any inference algorithm. Third, we present
an algorithm that selects a near-minimal sample from the characteristic
sample for SOSFIA. We call this algorithm A Minimal Sample Search
Algorithm (AMBA).

SOSFIA

SOSFIA (see Algorithm 1) takes as its arguments a finite sample of
input-output pairs S C T* x A*, and an output-empty DFT 7, i.e. a
transducer where for every (q,a,v,r) € 6, v =0, where O represents
a ‘blank’ that needs to be filled in. Each output-empty DFT corresponds

Data: A sample S C XXT* X X A*, an output-empty DFT
75 =(Q,%,A=1{0},90,9¢,6)
Result: 7 as a DFT with filled transitions
F < empty_Queue
Push (F,(qo,A))
mark (go)
while F # 0 do
(q,w) « Shift_First(F)
for all 0 € X U {x, x} (in lexicographic order) do
for all 6, =(q,0,0,q9') € 6 do
if 30’ # o such that (q,0”',u,q”) € 6 then
Change 6; to (q,0,v,r), where v =min_changeg(w, o)
else
Change §; to (q,0,A,1)
end if
if ¢’ is not marked then
Push (F,(q’,wo))
end if
end for
end for
end while
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to a class of sequential functions which vary only in what strings are
assigned to the blanks. Many important subregular classes of functions
can in fact be represented by such a DFT, such as the k-ISL functions.
Jardine et al. (2014) prove that the algorithm successfully infers the
class of sequential functions represented by 7 given a sufficient data
sample.

SOSFIA conducts a breadth-first search through the output-empty
DFT considering the shortest path that led to that state. In the case
of the k-ISL DFTs, the shortest path is essentially encoded in the state
label. For example, given a 3-ISL DFT, the shortest input prefix that
leads to the ‘ma’ state is ‘xma’. SOSFIA stores in a queue untreated
states together with their shortest prefixes. The next step identifies
the outputs on the transitions using two functions common_out and
min_change, defined below.

DEFINITION 6 The common_out of an input prefix w in a training
sample S is the longest common prefix (Icp) of all the strings that start with
winS:

common_outg(w) = Iep({u € * : v s.t. (wv,u) € S}).

DEFINITION 7 The min_change from a string w to a string wo in a
training sample S:

common_outg¢(o ifw=2
min_changes(o,w):{ _outg(0) if

common_outg(w) *common_outg(wo) otherwise

Given a transition (g, a,d, r), SOSFIA calculates the Icp of all the
outputs associated with the input strings beginning with the shortest
prefix to q, as well as the Icp of all the outputs associated with the input
strings beginning with the shortest prefix to r by way of q and a. Then
the minimum change between common_out(q) and common_out(r) is
determined and replaces the blank square in the (g, a, O, r) transition.
The procedure is repeated until the queue tracking untreated states is
empty.

Factor-by-Feature (FxF)

The FxF algorithm decomposes sequential data into subsegmen-
tal units (features) and learns functions for those individual units
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separately. Given a set of features F of cardinality n, a sample S
(input-output pairs with segmental representations), and a k value,
the FxF algorithm iterates through the features ¢ € F and for each ¢
it finds a set of features ¢ such that the k-ISL DFT 7 (g 4 accurately
predicts those feature values in the outputs of the sample. The final
output of FxF is a grammar G containing n-many T 4), one for each
¢ € F. The pseudocode is presented in Algorithm 2.

Data: A sample S C XX* X xA*, a feature set F, and a non-negative
integer k
Result: A set G containing n-many k-ISL DFTs, one for each ¢ € F
G0
for all ¢ € F (in lexicographic order) do
T(s,¢) < FeatSearch(k,S,F, ¢,[{¢}])
G — GU{T(,4)}
end for
return G

As discussed earlier, it is often the case that information from
more than one feature is required to determine the output feature val-
ues of a feature ¢. FeatSearch (Algorithm 3) searches for a featural
combination which makes accurate predictions for ¢. It takes as ar-
guments a non-negative integer k, the sample S, the feature system
F, the target feature ¢ and a list of feature sets FeatLIST, which is
initialized with one item in the list: the singleton feature set {¢}.

The algorithm FeatSearch dequeues the first feature combina-
tion & from FeatLIST and evaluates it. It checks if the projected
sample S, 4) is functional using the is_functional function (Def-
inition 8). If it is, a new k-ISL DFT T(a,p) 1S constructed. Definition 4
specifies the structure of a k-ISL DFT 74 4). At this step, we initial-
ize an output-empty T 4), i-€. one whose output on each transition
is empty. More formally, V(q,a,v,r) € 6*[v = O]. The newly con-
structed DFT and S, 4) are then passed as arguments to SOSFIA and
FeatSearch returns the output of SOSFIA.

DEFINITION 8 A data sample S is functional under the projection
functions ® and ®' iff for all (u,v),(’,v’) € S, if ®(u) = &'(u’) then
o(v) =d'(v)).
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Data: A nonnegative integer k, a sample S C XX* X x A*, a feature
set F, a feature ¢, and a list of sets of features FeatLIST
Result: A DFT 74 ¢

while FeatLIST is not empty do
® «— dequeue(FeatLIST)
m« |®|
if is_functional(S(q,,d,)) then
Ty < build output-empty k-ISL DFT with & and ¢
return SOSFIA(Tq, Ss,¢))
end if
end while
NewFeatLIST « feat_combo(¢,m+1,F)
return FeatSearch(k, S, F, ¢, NewFeatLIST)

If, on the other hand, S, 4) is not functional, FeatSearch gen-
erates a new list of feature combinations of size m + 1 with the
feat_combo function (Definition 9) and recursively calls itself with
this new list appended to the rear of the queue, searching for a suffi-
cient featural combination.

DEFINITION 9 feat_combo(¢,m, F) (Algorithm 4) produces a list
of feature sets where each feature set contains ¢ and is of size m. Formally,
feat_combo(¢,m, F) returns the set {® C F | ¢ € ®,|®| = m} and puts
its elements in a queue.

Data: A feature ¢, a positive integer m, and a feature set F
Result: A queue FeatLIST of feature sets ® such that ¢ € ® and || =m
FeatLIST < empty queue
AllCombos « COMBINATIONS(F, m)
for all & € AllCombos do
if ¢ € ® then
enqueue(FeatLIST, $)
end if
end for
return FeatLIST

Algorithm feat_combo generates candidate feature sets by enu-
merating COMBINATIONS(F, m), i.e., the collection of all m-element
subsets of F (combinations without repetition, where order is irrel-
evant), and retaining only those ® such that ¢ € ®. In this way it is
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similar to the BUFIA algorithm (Chandlee et al. 2019). It is this subrou-
tine that also makes FxF run in time exponential in |F|, the number of
available features, in the worst case. This is because if all features in F
are necessary to predict some feature ¢ then feat_combo will have to
traverse as many subsets as there are in the powerset of F/{¢ } before
reaching F itself.®

However, in the feature system for English, the maximum num-
ber of features needed to distinguish each phoneme from every other
phoneme is far less than the cardinality of F. BUFIA also has a run
time that is exponential in the worst case, but it has proven effective
in practice (Swanson et al. to appear; Li 2025). For these reasons, we
do not let the worst-case, exponential time analysis deter our investi-
gation into the practical utility of FxF.

Learning vowel nasalization over features: an example

We illustrate FXF(SOSFIA) with the vowel nasalization example. Con-
sider the sample S with pairs (man, m&n) and (me#&, ma&). Let F be
the feature system in Table 4 and k = 2. Then FxF(SOSFIA) initializes
an empty grammar G, and considers the features in F one by one.

Suppose the first feature it considers is ¢ = [nasal]. It proceeds
to run FeatSearch with FeatLIST initialized to [{¢}]. It dequeues
FeatLIST, setting ® = {¢} and m = 1. It then calculates the projected
sample S((pasal]nasay tObe ([+—+1, [+ + +Dand ([+—+1 [+—+1]).
As such, is_functional outputs False, and feat_combo generates
all feature sets of size 2, which include [nasal], and places them on
NewFeatLIST. FeatSearch calls itself again with NewFeatList.

On this next round, the queue FeatLIST contains more than one
feature set, and it checks them one at a time. For example, if &

6 The other aspects of FxF run in polynomial time. Finding the featural pro-
jection of the data is linear in the size of the data. Checking the functionality of a
projected sample can be done in quadratic time by checking pairs of data points.
Literally building the k-ISL DFTs is a polynomial of degree k for a given featural
alphabet |%;|. However, for finitely many featural alphabets (for instance (V)
for 1 < i < n) these k-ISL DFTs could be stored in advance and just retrieved
from memory at the cost of a (large) constant. Finally, SOSFIA itself runs in time
linear in the data.
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= [nasal, voice], then is_functional would again return False since

the projected sample S([nasa1] nasal) is not functional. This is because
voice I’

[voice] does not provide sufficient information to predict the right
outputs for [nasal]. Particularly, it does not separate vowels from con-
sonants. Therefore, ® would be re-assigned to the next element in the
queue, and the process would continue.

Eventually, FeatSearch dequeues & = [nasal, cons]. The pro-

jected sample S([nasal] nasal) is functional. Consequently, FeatSearch
cons J”

constructs an output-empty, k-ISL DFT T
pul-empty o[ st masa)

with S([nasal],nasal) to SOSFIA, returns the output, and terminates.

cons
Interestingly, any feature combination which distinguishes con-

sonants from vowels is sufficient to make the right predictions for the
feature [nasal]. For example, the feature [labiodental] assigns a value
0 to all vowels and either + or — to consonants. Consequently, the

projected sample S([ nasal | oocaly is functional and would also lead to
labdent I
SOSFIA outputting a transducer. FeatSearch terminates with the first

feature combination that works. Thus, the order in which the feature
sets ® are considered does matter, though we abstract away from this
choice in this description of the algorithm. We return to this point in
the experimental and discussion sections later.

Finally, if none of the feature sets containing [nasal] of length ||
resultin is_functional outputting True, the length m is increased by
one, and the procedure repeats. With the feature [nasal] completed,
FxF(SOSFIA) moves on to the next feature, and continues to do so until
transducers are obtained for each feature.”

To summarize, FXF(SOSFIA) factors the problem of learning a
phonological process along featural dimensions. For each feature it
searches successively more complex feature combinations until it finds
one that generalizes successfully given the other constraints on learn-
ing (such as the k-ISL structure). While in the worst case, the problem
reaches a stage where it is essentially learning over segmental repre-
sentations, the idea is that, in practice, the decomposition to features
allows correct generalizations to be found more quickly with less data.
To establish this point empirically requires a way of measuring the

and passes it

7 Alternatively, FxF could be run in parallel for each feature ¢ € F.
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amount of data that is sufficient for FXF(SOSFIA) to succeed and to
compare it to the amount of data that is sufficient for SOSFIA over
segmental representations to succeed. That is the purpose of the next
algorithm.

Characteristic sample and a minimal sample search
algorithm (AMBA)

This section describes SOSFIA’s characteristic sample (henceforth, CS)
that guarantees success in learning k-ISL functions and provides a sim-
ple heuristic method for finding a near-minimal characteristic sample
that is a subset of the CS provided by Jardine et al. (2014). This heuris-
tic will be used as a measuring stick in the experimental case studies
when investigating how much data is sufficient for a successful gen-
eralization.

Jardine et al. (2014) present formal concepts for a class of func-
tions T, a class of representations (grammars) R, a learning algorithm,
and a characteristic sample.

DEFINITION 10 Let T be a class of functions represented by some
class of representations R. A sample S for a function t € T is a finite set
of data for which (w,v) € S iff t(w) = v. A (T, R)-learning algorithm
</ is a program that takes a sample for a function t € T and outputs a
representation from R.

DEFINITION 11 Let & be a naming, total function that maps R onto
T. For a (T, R)-learning algorithm </, a sample CS is a characteristic
sample of a representation r € R if for all samples S for £ (r) s.t. CS C S,
o returns r.

In this context, k-ISL functions are represented with k-ISL DFTs, and
SOSFIA outputs a representation r isomorphic to the original k-ISL
DFT that generated the CS. By referring to the properties of k-ISL. DFTs
and SOSFIA’s method of inferring the underlying k-ISL functions, we
show that the minimum size of the longest string s € (®,®')(CS) =
2k —1.

The core idea is that a characteristic sample exposes all possible
paths in the transducer to ensure the learning algorithm has sufficient
information. In Lemma 16, Jardine et al. (2014) show that for each
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transition (q,a,v,r) € 6 in a DFT, it is sufficient if a sample includes
a set of strings of the form pas where these symbols are defined as
follows. 8

i p is the shortest input that leads from the start state to state g;
ii a is the input symbol on the transition;

iii s is a shortest string that leads from state r to any state in the
machine.

PROPOSITION 1 For k-ISL functions and for SOSFIA, a sample which
includes all strings up to length 2k — 1 is characteristic.

PROOF From the definition of k-ISL functions, the size of a context
that can affect a change is k-long. Therefore, it is necessary to consider
k-long substrings from every state ¢ € Q \ {q} in the k-ISL DFT for
the function. Let the shortest string to reach g from g, be p,. We are
interested in max{p, | ¢ € Q\{q;}}. The furthest non-final state q from
q, is reachable by a string of length equal to k—1. In other words, the
depth of the k-ISL machine (excluding q;) is k — 1. Hence, the sum of
the depth of a k-ISL DFT (k —1) and the memory window (k) is equal
to 2k — 1.

By Lemma 16 in Jardine et al. 2014, it follows that if S contains
all strings up to length 2k — 1 then it is characteristic. O

Proposition 1 provides a characteristic sample for k-ISL functions,
but it does not necessarily provide the smallest such sample. Next,
we present a procedure for searching for a near-minimal CS: A Mini-
mal Sample Search Algorithm (AMPA) (Algorithm 5). Since AMBA is a
greedy, randomized procedure, there is no guarantee that the sample
it finds is the minimal one. Hence, the output of AMPA is some suffi-
cient subset of the sample in Proposition 1, which will be referred to
as near-minimal CS.

AMPA is built on top of FxF. It takes three arguments: an orig-
inal, segmental-based DFT 7 representing the target process, a sam-
ple S generated with 7, and a feature set F. It selects 10 input-
output pairs® at random from S and stores them in a variable called

8 There is another condition to Lemma 16, but due to the properties of k-ISL
DFTs, it does not apply since the structure of the k-ISL DFTs precludes it.
?We chose 10 as a balance between convenience and fine-grained analysis.
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Data: A segment-based k-ISL DFT 7, a sample S C XX* X xA*, a feature set F
Result: A near-minimal sufficient sample
min_sample <« @
min_sample « min_sample U random(S, 10)
G <« FxF(min_sample, F, k)
while —-match(G, 7) do
S « S\ min_sample
min_sample < min_sample U random(S, 10)
G <« FxF(min_sample, F, k)
end while
return min_sample

min_sample. The selected pairs are subsequently provided as an argu-
ment to FXF(SOSFIA), which ultimately returns a grammar G, which
is a collection of k-ISL DFTs, one for each feature in F. AMPA then
calls the match function (Algorithm 6) to contrast the output of
FxF(SOSFIA) with the original 7. For each ¢ in F, the match func-
tion transforms the original T by collapsing transitions and states by
projecting the output labels under ¢ and by projecting the input la-
bels and state names under the set & associated with ¢ in G. This
method generates a collection of n distinct DFTs 74 4), each corre-
sponding to a feature ¢ € F. This set is then evaluated against the
output of FXF(SOSFIA) for the same features F. If the compared sets
are identical, it means that FxF learned a representation for the target
function with min_sample and thus AMBA returns it. If not, the pro-
cedure continues sampling without replacement until the min_sample
is large enough to infer the target function, i.e. until the sample is
sufficient.

Data: A learned DFT G, a target DFT T
Result: Bool
0, « transitions in 6 € T
6, « transitions in 6 € G
for all (q,0,v,r) € 6, do
if (q,0,2,1r) € §; and v # 2z then
return False
end if
end for
return True

[ 34 ]



Learning with features

EMPIRICAL ARGUMENTS

This section presents four case studies evaluating the performance of
FxF(SOSFIA) and SOSFIA in learning four distinct sequential func-
tions, each representing a phonological process attested in natural lan-
guage. The processes include: vowel nasalization in English (2-ISL),
vowel shortening in Yawelmani (3-ISL), schwa epenthesis in Chukchi
(8-ISL), and an interaction between final devoicing and o-raising in
Polish (2-ISL and 3-ISL, respectively).

Generally, the objective of the case studies is to evaluate the
performance of the novel algorithm, FXF(SOSFIA). In particular, they
test the hypothesis that FXF(SOSFIA) requires significantly less train-
ing data compared to SOSFIA. Moreover, they also investigate the
near-minimal samples produced by AMPA by comparing outputs for
both algorithms against the originally generated characteristic sam-
ples (CS). Due to the inherent randomness in AMPA’s minimal sample
selection, each experiment was repeated ten times. The reported re-
sults include both the mean and standard deviation across the runs.

The characteristic samples were constructed using a subset of
phonemes from the respective languages. Ideally, the entire phone-
mic inventories would be used. However, full data generation proved
computationally expensive due to the size of the resulting CSs. For
example, Yawelmani’s inventory includes 43 segments, and modeling
vowel shortening as a 3-ISL function yields a characteristic sample
of size |CS| = 150,508,643 (see Proposition 1). To keep experiments
tractable, the phonemic inventories were reduced so that |CS| did not
exceed 20,000. However, this practical decision was not without con-
sequences, as discussed in later sections.

Representative k-ISL functions

This section presents five phonological processes attested across four
natural languages. The processes were deliberately selected to illus-
trate variation in the value of k as well as in the number and type of
phonological features involved in their computation. As with the case
of English vowel nasalization, we acknowledge that alternative anal-
yses and debates exist for some of the phenomena discussed. Our aim
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is not to argue for any one analysis in particular but instead to use
concrete examples to meet our objectives. These examples should be
understood as representative instances of broader classes of processes
that fall within the expressive range of k-ISL functions.

Vowel nasalization in English

Vowel nasalization was introduced and discussed in Section 3.3. As
mentioned, the process has been expressed with a phonological rule
like the one shown in (1), repeated below.

2 Vowel Nasalization (VN)
[—cons] — [+nasal] / [Iﬁ;’;‘:l]

By modeling vowel nasalization in this way, we test whether a
learner can infer a contextually conditioned alternation that depends
on the feature composition of a following segment. In particular, we
expect that the feature [nasal] will not be sufficient on its own to learn
the generalization and will require additional information from other
features, such as [consonantal], which condition the alternation. The
phonemes used for the experiments are presented in Table 4.

Vowel Shortening in Yawelmani

Yawelmani is a dialect of Yokuts, an Indigenous North American lan-
guage spoken in California. Its phonemic inventory consists of conso-
nants exhibiting contrastive aspiration and glottalization, and vow-
els with an underlying length contrast (Hockett 1967; Kenstowicz
1994). The 7 phonemes used to generate the dataset are summarized
in Table 6.

Yawelmani exhibits a process of vowel shortening, where under-
lying long vowels are shortened on the surface. This alternation can
be observed, for instance, in imperative and non-future verb stems
(Kenstowicz 1994, p. 108).

future  imperative non-future gloss

wo:n-en won-ko won-hin ‘hide’

3) la:n-en lan-ka lan-hin ‘hear’
me:k-en mek-ka mek-hin ‘swallow’
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Table 6:
Feature chart for Yawelmani
phonemes used in experiments

—
=
=}

Segment o i o: it

+
I
+
+

high —
low - - - =
tense -

+ +
|
+ +

front -
back
round

I+ +

|
© oo oo
o o o
© oo oo

|
+ + +
+

|

|

|

long
cons

I

I

I

I

+ o

+ ©
+ + ©

son
cont
delrel
approx

o o + +
o o + +
I
|
o

o o + +
© o + +
I I
I I
I I

nasal

+ +

voice
lab
labdent
cor

+ +

ant
distr
strid

lat

dor
constrgl

O ©O O O O O O o o o +
O O OO0 OO O O o O +
O ©O O O O O O O o o +
O O OO0 OO O o o O +
|
o O ©
|

spreadgl

Kenstowicz and Kisseberth (1979, p. 84) propose that the condi-
tion for vowel shortening is two consecutive consonants.

@) Vowel Shortening (VS)

[;f(())rrllg] —> [—long] / __ [+cons][ + cons]

We adopt Kenstowicz and Kisseberth’s rule in (4), since it pro-
vides a clear view into the contrast between 2-ISL and 3-ISL function
learning, where the change affects only a single feature.'® We expect

10Wwe acknowledge that there are alternative analyses of vowel shortening in
Yawelmani. For instance, Archangeli (1991) analyzes these alternations as an
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Table 7:

Feature chart for Chukchi phonemes Segment i o m p t ¢+ s
used in experiments high T — o 0 0 0 o
low - = 0 0 0 0 0

tense + + 0 0 0 0 0

front + - 0 0 0 0 0

back — + 0 0 0 0 0

round — + - - - = =

long — — 0 0 0 0 0

cons — — + + + + +

son + + + — — — —

cont + + — — — + +

delrel 0 0 0 - = + +

approx 0 0 - — — — —

nasal e

voice + + + - - = =

lab 0 0 + + - - -

labdent 0 0 - - - = =

cor 0 0 - — + + +

ant 0 0 0 0 + + +

distr 0 0 0 0 - - =

strid 0 0 0 0 - - 4+

lat 0 0 - - = + —

dor 0 0 - - = = =

that [long] alone does not carry sufficient information to infer the un-
derlying function on its own.

7.1.3 Schwa epenthesis in Chukchi

Chukchi is an endangered Chukotko-Kamchatkan language spoken in
Siberia. From its phonemic inventory of five vowels and 13 consonants
(Dunn 1999), seven were chosen for the experiments (Table 7).
Chukchi was selected for this study because it exemplifies a dif-
ferent type of phonological pattern, namely, final s-epenthesis (see

emergent consequence of prosodic well-formedness, and Blevins (2004) argues
that many length alternations are morphological or lexical in origin.
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examples in (5)). This case is particularly interesting because, unlike
in the previous processes, this transformation affects every single fea-
ture, and predicting sufficient featural combinations for learning is not
an immediate and trivial task. In English, for example, it was evident
that [nasal] depended on contextual information from [cons]; here,
on the other hand, the specifications required for successful learning
of individual features are far less transparent.

Krause (1980) identifies three distinct environments in which /a/
may be inserted, typically to break up biconsonantal or triconsonantal
clusters. For the purposes of this paper, we only focus on the insertion
of schwa to break up word-final bi-consonantal clusters. Examples of
this phenomenon are shown below.

noun-ABS.SG  noun-ABS.PL  gloss

mimsol mimlat ‘water’
(5) )

lewat lewtat ‘mouth

gepal geplat ‘ball’

In these examples, the underlying representations arguably are /miml,
lewt, gepl/ for the singular forms and /mimlt, lewtt, qeplt/ for the
plural forms. A rule like the one in (6) applies to break up the word-
final consonant cluster.

©) Final epenthesis (FE)
¢—> 9 / [+cons]__ [ +cons] X

We acknowledge that the distribution of epenthetic schwa in
Chukchi is more complex than modeled in (6), as it may interact
with additional phonological processes, including final vowel dele-
tion (Dunn 1999). Our goal, however, is to test the effectiveness of
FxF(SOSFIA) on this type of process. That is the reason why we re-
strict the process to one environment: the insertion of /o/ between
two consonants at a word boundary (Krause 1980, p. 53).

Final devoicing and o-raising in Polish

The final phonological phenomena that we consider involve the inter-
action of two strictly local processes. Rule interaction has a rich history
in phonological theory (Kiparsky 1973; Bakovi¢ 2007; Chandlee et al.
2018; Bakovi¢ and Blumenfeld 2024).
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In this study, we focus on an opaque interaction between two pro-
cesses in Polish: word-final obstruent devoicing and >-raising. Data
in (7) presents selected cases of /5/ raising to [u] when followed by
voiced obstruents and approximants while remaining the same in the
context of a following nasal.

singular  plural gloss

ruk rog-i ‘horn’
sok sok-i juice’
g ZwWup zwob-i ‘crib’
snop snop-i ‘sheaf’
bur bor-i ‘forest’
dzwon  dzwon-i  ‘bell’
dom dom-i  ‘house’

The interaction is called opaque because there are forms like [ruk]
‘horn, sg.” and [zwup] ‘crib, sg.” where >-raising has applied, yet the
following sound in the surface form is devoiced. Typical analyses, dis-
cussed below, account for this by applying >-raising before word-final
obstruent devoicing.

Similarly to the previous cases, we acknowledge that the >-raising
process is complex and has been the subject of various analyses (see
Bethin 1978; Buckley 2001; Gussmann 2007). Here we adapt the SPE-
style analysis of the rule described in Kenstowicz (1994, p. 77). To
correctly derive the surface forms, >-raising (9) must precede final
obstruent devoicing (8). This creates a counterbleeding type of order,
as the reverse order would prevent a-raising from applying.

(8) Final Devoicing (FD)
[—sonorant] — [—voice] / X

9 o-raising (OR)
[ #back | —> [+high] / [Iv“é’i‘éi] ”
—low — L —nasal

For example, consider the underlying representation of ‘horn’ /rog/.
OR applies first yielding an intermediate form [rug]. Then FD applies
yielding the surface form [ruk]. On the other hand, if FD applied first
it would yield [rok], to which OR would not apply because the final
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obstruent of this intermediate form is voiceless, predicting an incorrect
surface form.

FD is a 2-ISL function, while OR is 3-ISL. Their ordered compo-
sition (OR then FD) can be modeled with a 3-ISL function; call it CB
(for counterbleeding). The finite-state representation of CB does not
literally execute OR and then FD; for instance, there is no intermediate
representation [rug] that appears in any execution of CB (see Beesley
and Karttunen 2003 for additional discussion regarding this point).
Interestingly, as will become apparent in the following section, learn-
ing over features naturally separates these processes. Chandlee et al.
(2018) provide additional discussion regarding how k-ISL DFTs can
model a range of processes which interact opaquely.

The phonemes chosen for the experiments are presented in
Table 8.

Feature a > 5 u b t d n s 7,
voice + + + + + -  + + -  +
son + + + + - - = 4+ = =
cons - - - - + + + + + +
cont + + + + - - - - + +
cor 0 0 0 0 — + + + + +
ant 0 0 0 0 0 + + + - =
dor o o o O - - — - - -
lab o o o O + - — — = -
distr o o o o O - — — — -
delrel 0 0 0 o - - -0 +  +
nasal - - + - - - - + - =
lat o o o O - - — - - -
high - - - 4+ 0 O0 0 0 o0 O
back + + 4+ + 0 0 O 0 0 O
low + - - 0 0 0 0 0 0
tense - - - + 0 0 0 0 0 0
round -+ + + 0 0 0 0 0 0
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Data generation

For each of the four k-ISL functions, a corresponding k-ISL DFT is con-
structed, and a characteristic sample consisting of underlying-surface
form pairs is generated accordingly. Following Proposition 1, a set of
all logically possible n-grams over %* up to length 2k — 1 is created
to serve as the set of potential underlying forms.!! The constructed
k-ISL DFTs are then used to generate the corresponding surface forms
(outputs). These same transducers are also used to evaluate the results.

As previously mentioned, a constraint was imposed on the total
size of each characteristic sample (CS) to ensure that the number of
generated input—output pairs did not exceed 20,000. Since the size
of a CS, |CS|, depends on both the size of the alphabet (|X]) and the
function’s k value, these parameters were adjusted accordingly. For
the 2-ISL function, |X| = 26, resulting in a CS of 18,287 pairs. For the
3-ISL functions, a reduced alphabet size of || = 7 was used, yielding
CSs of 17,206 input-output pairs. We ran additional experiments on
Polish, where the size of the input alphabet was increased to 10 to fur-
ther showcase the difference between the growth of CS when learning
over segments vs. features (see Table 18 for details).

We introduce terminology corresponding to each of the types of
samples generated. There are five sample types that perform various
roles, which are listed below.

+ a sample (CS): a characteristic sample over segmental represen-
tations

+ anear-minimal segmental sample (M): a near-minimal sample ran-
domly drawn from CS with AMPA calling SOSFIA.

« afeature-based sample (S5 4)): a sample extracted from CS whose
inputs and outputs are projected according to ¢ and ¢, respec-
tively, for each feature ¢ € F. For example, S((high] high) 1S @
sample extracted from CS to predict [high] from [high], while

11 The generated data is constructed to be extensionally consistent with the
four functions, but it is not intended to represent attested or naturalistic linguistic
patterns. Learning with naturalistic data will be addressed in the next stage of
this research.
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S ([ highd high) T1€2NS that two features [high] and [round] are pro-
roun

jected to predict [high].

a near-minimal feature sample (Mg 4)): @ near-minimal feature
sample randomly drawn from S, ) with AMPA calling the orig-
inal SOSFIA algorithm.

asynthesis of M(g o) forall ¢ € F (MF): a segmental sample recon-
structed by combining the minimal feature-based samples Mg 4)
for each feature ¢ € F. To estimate how many full segmental
input-output pairs can be formed from these minimized compo-
nents, we identify compatible combinations of feature vectors that
jointly satisfy subsets of the segmental transformations observed
in CS. For example, the following feature-based data points

([ 11: ] 5 [+ + _]) € S([nasal, cons],cons)>
([0 + _]a [0 + _]) € S(cor,cor)’
([0——=1,[0—=]) € Sqatjan)

are all subcomponents of a segmental pair (ant,ant) € CS. The
synthesized set Mg reflects an upper bound on the number of seg-
mental input—-output pairs that can be reconstructed from the fea-
tural data.

Results

This section presents a summary and interpretation of the results. First,
as expected, all four functions were successfully learned from the char-
acteristic sample, both with SOSFIA and with FxF(SOSFIA). Second,
when the data sample input to the learning algorithms was reduced
with AMPA, FxF(SOSFIA) consistently outperformed the segmental
baseline SOSFIA in terms of the amount of data sufficient for correct
generalization. The advantage of FxF was especially pronounced in
cases involving a single feature change and in the epenthesis process.
The Polish case, which involved the interaction of multiple features,
required additional justification and further experimentation to con-
firm the effectiveness of the approach. Third, the results demonstrate

[ 43 1]

7.3



7.3.1

Magdalena Markowska, Jeffrey Heinz

that the data reduction obtained by AMPA for FxF(SOSFIA) is more
substantial than what AMPBA obtains for SOSFIA. For the feature-based
FxF(SOSFIA) the reductions in size of the CS ranged from 98% in the
best case to 52% in the worst. By contrast, for the segment-based SOS-
FIA, AMPBA only achieved a reduction ranging from 66% to just 0.15%.
We report here only the results most relevant to the main discussion;
full experimental details and quantitative data are provided in Appen-
dices A, B, and C. 2

In the ensuing discussion of the learning results, we refer to fea-
tures in F as either sufficient or insufficient. A feature ¢ is termed in-
sufficient if its values alone do not provide enough information to
infer the target function. Formally, this means the sample S4) 4) is
not functional, and thus FeatSearch must add additional features to
yield a functional sample. A feature ¢ is termed sufficient if it is not
insufficient (and so the sample Si¢}.¢) 1S functional).

As mentioned in Section 6.3, it is often true that multiple fea-
ture combinations are able to successfully predict a feature ¢. While
FeatSearch is defined to stop once the first one is found, our im-
plementation returned all feature sets with the smallest cardinality
capable of predicting ¢ since we were curious about them. As such,
when calculating the synthesized sample My, we used the combina-
tion which yielded the smallest functional sample for each insufficient
feature (or randomly selected one if there was more than one equally
smallest sample). While this technique was adequate to demonstrate
the core concept proposed here, future research will explore more lin-
guistically informed methods for selecting appropriate featural combi-
nations in cases where individual features are insufficient for learning
(see Section 8 for more details).

English

Of the 22 features used in the English vowel nasalization case study,
only one feature, particularly [nasal], was found to be insufficient, as

12 Appendix A provides sizes of the extracted samples |S(e,4)|, averaged
|M(s 4)|, and standard deviation for all sufficient and selected insufficient features,
while Appendix B provides |M(s )| and My for each of the 10 runs, separately.
Appendix C provides the sizes of S 4 for all the combinations with insufficient
features.
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expected. The remaining 21 features were individually sufficient and
yielded functional samples on their own. The projected samples S 4)
for these features varied in size depending on the number of values ¢
takes. For instance, the binary feature ¢p = [voice] (with values {+,—},
as shown in Table 4) yielded a sample S(y;ce voice) COMPprising 14 input-
output pairs. In contrast, the ternary feature [cor] produced S o, cor)
with 39 input-output pairs. These samples were successfully reduced
using AMPA to average sizes of M(ygice voice) = 9 and Mcor cor) = 23,
respectively. Table 19 provides the average values of M 4) across
all features, and Table 23 provides complete results corresponding to
each individual feature.

We identified 10 feature combinations yielding functional sam-
ples for the insufficient feature [nasal], whose sizes also varied de-
pending on the size of the resulting featural alphabets ;. As was al-
ready presented in Figure 2, the combination of features [nasal, cons]
resulted in the input alphabet Z[nasal] ={[Z1,[1,[£]}. Recall that

cons
the remaining logical feature value [ =] was not considered as we as-

sume English does not have underlying nasal vowels.
Accordingly, the projected sample S([nasal]) contained 39
cons

,nasal)
pairs. Other combinations involving [nasal] produced larger sample
sizes, particularly 84 and 155 pairs, depending on whether the featu-
ral alphabet contained four or five elements, respectively. In all cases,
AMPBA was able to reduce the samples substantially. Since the pair
[nasal, cons] yielded the smallest functional sample, we used this com-
bination to construct the synthesized featural sample M.

Table 9 presents a sample of cardinalities of the extracted sam-
ples for features ¢ (specifically, [voice], [coronal], and [nasal]). The
Feature sets ®, in the first column, here as well as in the corresponding
tables for the remaining test cases, indicate what features were used

Table 9:
Feature set ® IS@,¢)|  Avs. |M(<I>,¢)| SD Selected representative samples
[voice] 14 9 .66 ISs, ¢)l> Avg. |[M(s, 4| and standard
deviation (SD) for VN in English
[cor] 39 23 4.76 .
for features [voice], [coronal],
[nasal, cons] 39 31 3.89 and [nasal]
[nasal, front] 84 68 10.9
[nasal, approx| 155 117 16.22
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for input projections for ¢. The bolded feature represents the spe-
cific feature ¢p whose values are predicted. When only a single bolded
feature appears, such as [voice], it means that the values of that fea-
ture alone were sufficient to define the characteristic sample for the
corresponding feature. In cases where multiple features appear, as in
[nasal, cons], the bolded feature (¢) is the (insufficient) predicted
feature, while the full set in brackets represents ®, the set of features
that give a functional sample for ¢.

Given the data samples My 4) selected by AMBA for each ¢ € F,
we reconstructed the corresponding segmental sample M. This en-
abled direct comparison with the segmental characteristic sample CS
and its averaged AMPA-reduced counterpart M (see Table 10).

Table 10: |CS| Segments Features
Averaged segmental sample |M|
and averaged synthesized featural Avg. M| SD Avg. |Mp| SD
M| and their corresponding SDs 18,278 6,157 650.21 188 10.06

7.3.2

in English

The average size of a reduced characteristic sample M derived
from the segmental representation was 6,157. In contrast, the FxF
learner identified significantly smaller successful samples, with M
averaging only 188 elements. Starting from an original sample of
|CS| = 18,278, segmental learning achieved a 66% reduction, whereas
featural learning achieved a 98% reduction. This substantial difference
demonstrates that featural decomposition in the FxF framework yields
more compact and data-efficient generalizations.

Yawelmani

This case study examines vowel shortening in Yawelmani, a process
that, like English vowel nasalization, targets a single feature: [long].
What differs is that the environment for the change is larger and thus
requires more memory.

Contrary to our expectations, all features were sufficient for learn-
ing the vowel shortening function, including [long] in isolation. This
finding reflects a representational asymmetry: the values assumed for
the feature [long] themselves encode distributional distinctions that
parallel the relevant contextual split. In our dataset, [long] takes on
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ternary values: { +, -, O}, where { 4+, -} are exclusively associated with
vowels, and 0 with consonants. As a result, the learner can indirectly
infer the necessary contextual distinctions purely from this feature’s
values. This outcome shows that not only the featural decomposition
but also the range and interpretation of values can play a decisive role
in learnability.

Table 11 presents results from AMPA’s reductions of individual
feature-based samples S(4 4). In the best-performing case, the sample
for [cor] was reduced by 59%. The smallest reduction was observed
for the target feature [long], which is expected, as it is the only feature
that changes and, therefore, must be represented with particular data
that cover the necessary paths in the transducer.

Table 11:
Feature set @ | |Sig )  AVE. [Mg )l SD Selected representative samples
[voice] 54 33 10.11 IS, $y|> Avg. IM (s, 4| and standard
deviation (SD) for VS in Yawelmani
[round] o 30 739 for features [voice], [round],
[ant] 309 136 19.28 [anterior], [coronal], and [long]
[cor] 336 139 24.05
[long] 363 317 49.02

Interestingly, the projected sample sizes S4 4 varied even among
features with identical value sets. For example, both [voice] and
[round] are binary features with values { +, -}, yet their sample sizes
differed. This disparity is attributable to the distribution of feature
values among the segments. Because S 4) is projected from CS, the
features whose values were less evenly distributed among the seg-
ments resulted in smaller projected samples. For example, in our data,
only one of the seven segments was marked as [-voice], whereas two
segments were [-round]; this skew resulted in a smaller sample for
[voice].

Overall sample sizes are summarized in Table 12. The segmen-
tal sample M, derived without feature factorization, had an average

Table 12:
Segments Features
|CS| Averaged segmental sample |M|
Avg. [M| SD Avg. |Mp| SD and averaged synthesized featural
17,206 16,583  702.06 952 49.90 |M|r and their corresponding SDs

in Yawelmani
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size of 16,583 (4% reduction). In contrast, the synthesized featural
sample M} required only 952 examples on average. The larger trans-
ducer sizes observed in the Yawelmani case, driven by the larger k
value, contributed to the higher sample size, which was expected as
discussed in Section 5. Nevertheless, the difference between reduc-
tion over segmental vs. featural is much more pronounced than in the
English case study.

7.3.3 Chukchi

The Chukchi epenthesis function presents a different learning sce-
nario, where each feature is affected due to the inserted segment. Sur-
prisingly, of the 22 features used to represent Chukchi segments, 13
were sufficient on their own. These tended to be features that, similar
to the situation in Yawelmani, implicitly distinguished vowels from
consonants via their value patterns. For instance, [labial] assigns the
value O to vowels and either + or — to consonants, providing a natural
partition of the inventory. The remaining 9 features were insufficient
individually, but when paired with complementary features that sup-
plied the missing contrast, they successfully learned the target func-
tion. For example, while [sonorant] alone does not separate vowels
from consonants, its combination with [nasal] provides enough infor-
mation to infer the correct generalization.

Sample sizes for the projected datasets S 4) varied widely, and
in many cases were substantially larger than those in the English and

Yawelmani experiments. For example, the combination S([strid] strid)
dor I
produced 1,236 input-output pairs due to the resulting 4-element al-

phabet Z[Smd]. Table 13 shows the reductions obtained with AMpA.
dor

Table 13:
Selected representative samples Feature set & | [S(g9)l  AVE. [M(g )| SD

1S0.0) AV8: [M,)| and standard [tense] 62 32 5.69
deviation (SD) for FE in Chukchi hieh 309 16 30.34

for features [tense], [high], [round], [high] ' 5 :
[labial], [continuant], and [strident] [round, high] 309 225 30.28
[lab] 363 313 8.88
[cont, tense] 363 306 18.02
[strid, dor] 1,236 955 58.46
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Despite the challenge posed by the global nature of the epenthesis
transformation, FXF learning remained robust.

Table 14:
Segments Features
|CS| Averaged segmental sample |M|
Avg. [M| SD Avg. |Mp| SD and averaged synthesized featural
17,206 | 17,181  28.87 2,331 46.27 |M|r and their corresponding SDs

in Chukchi

Table 14 summarizes the overall segmental and featural sample
sizes. The reduced characteristic segmental sample M remained nearly
identical in size to the original CS (avg. |M| = 17,181), showing
that little to no compression was achieved without factorization. By
contrast, the FxF approach yielded a significantly smaller sample of
2,331 input-output pairs on average. Although this is larger than the
feature-based sample size obtained for the Yawelmani function (avg.
Mp = 952), the difference reflects the more complex nature of the
process (feature insertion vs. feature changing). In this context, the
observed 86% reduction remains a strong result, demonstrating the
scalability and effectiveness of featural decomposition.

Polish 7.3.4

The Polish case study presents a 3-ISL function involving two phono-
logical processes in a counterbleeding relation. While the featural
learner remained successful, the degree of sample reduction was sig-
nificantly less than what was found with the English, Yawelmani, and
Chukchi case studies. This was not due to the compositional nature of
the function, but rather to the complexity of one of its components,
namely, the transformation of /5/ to [u], which required coordinated
information from multiple features.

In this alternation, features such as [high] and [tense] were in-
sufficient on their own and required combination with three addi-
tional features to produce functional samples. Unlike the processes
that target broader classes (e.g. English [+ nasal, —cons]) or Yawel-
mani (e.g., [ +long, —cons]), the o-raising process in Polish targets a
single segment, which necessitates distinctions between similar seg-
ments, here vowels. For instance, [low] is needed alongside [high]
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to exclude vowel ‘a’, which does not undergo change. Contextual trig-
gers, on the other hand, could be successfully encoded by features like
[voice] and [sonorant].

Table 15:

Avg.
Selected representative samples Feature set & | |S(p,¢)| IM ¢g¢)| SD
NEE Avg |Ms )| and standard [nasal] 54 29 14.92
deviation (SD) for FD and OR 62 97 12.77
in Polish for |, | = 7, for features [son] ’
[nasal], [sonorant], [round], [voice], [round] 336 137 51.76
[high], [tense] [vmce ] 336 214 10.73
son
[ high
voice 8,250 7,119  907.70
son
low
-tense
voice 8,250 7,372  806.83
son
round

Table 15 above presents a subset of representative feature com-
binations for |Z| = 7. While most projected featural samples S 4)
were reduced by AMBA, the reduction was less prominent for features
that required extensive combinations. In particular, the input alpha-
bet for feature [high] (Vihigh voice son,low]) Was reduced only marginally,
reflecting the difficulty of compressing transformations involving sin-
gleton segments. As a result, the projected sample contained 8,250
input-output pairs and was reduced only by approximately 14%.

Because the reduced samples Mg ) were significantly large, the
averaged My samples remained large as well. Nevertheless, when com-
pared to reduction over segmental data representation, FxF still comes
out ahead. Table 16 shows that the FxF procedure achieved a 52% re-
duction with AMPA, as opposed to the reduction with AMPBA obtained
for segmental representations, which was 12%.

To evaluate the robustness of the feature-based learner under in-
creasing inventory size, we incrementally expanded the phoneme set
by one symbol at a time (|Z,| = 8,9, 10) and re-ran the experiments
for each resulting alphabet size. Table 17 shows that although the
projected S(4 ) samples grew in size, AMBA continued to yield con-

[ 50 ]



Learning with features

ICS|

Segments

Avg. [M| SD

Features

Avg. |Mg|

SD

17,206

15,169

2,063

.50

8,235

208.39

Table 16:

Averaged segmental sample |M| and
averaged synthesized featural | M|
and their corresponding SDs in Polish

Feature set

|Eseg| =

1Sl

8

| Mg,

IS,

|Zseg| =9

1Mz,

|Zseg| =10

1S@,0)!

M2,

[nasal]
[son]

[round]

voice
son
[ high
voice

son

low

tense
voice
son

| round
[high
voice
nasal
| low

[ tense
voice
nasal

| round

54
62
336

363

8,446

8,446

43
32
162

241

7,416

6,656

62
62
336

363

17,892

17,892

29
34
136

223

13,122

12,482

62
62
336

363

17,892

17,892

43
23
153

235

8,122

17,842

siderable reductions. Table 18 reports the overall segmental and fea-
tural reductions at the full-sample level. While the segmental learner
benefited modestly from data pruning (at best 21% reduction with
|Zsegl = 10), the feature-based learner achieved far more efficient
compression. Particularly, with the largest alphabet, the reduction
peaked at 82%. These results suggest that even in cases involving
tightly constrained alternations and rare, singleton targets, the FxF

approach remains scalable and resilient to inventory growth.

[
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Table 18: Segments  Features
Samples |S|, M|, and |Mg| for increasing |Xge,| [Sgeg| ICS| M| IM, |
of 8, 9, and 10 phonemes in Polish F
8 33,352 30,344 8,283
9 59,868 51,161 16,272
10 101,110 79,540 17,945

This is particularly noticeable for feature [high] in the |Zg,| = 10
condition. While the segmental alphabet is of size 10, the features
used to predict high yield an inventory of 7. We suspect that given
the full inventory of Polish phonemes, the projected sample sizes for
[high] will remain approximately the same as when |%,| = 10. More
generally, although increasing |X.| will continue to enlarge the seg-
mental sample, the featural alphabet |%;| sizes eventually saturate:
once the inventory already realizes all relevant combinations of fea-
ture values, adding additional segments does not introduce any new
featural patterns, and thus does not increase |2g|.

8 DISCUSSION AND FUTURE WORK

The empirical studies presented in Section 7 demonstrate that the
Factor-by-Feature (FxF) approach significantly enhances the learnabil-
ity of k-ISL functions by reducing the size of the required training
samples. By introducing a systematic featural decomposition, FxF en-
ables learners to utilize the inherent structure of phonological sys-
tems, which in turn reduces the complexity and size of the training
sample requirement. The success of this approach can be consistently
observed across a range of phonological processes, where the feature-
based learner outperforms the baseline segmental learner in data effi-
ciency.

A key contribution of FxF is the modularization that it brings. This
approach allows factoring the learning problem into smaller, feature-
specific subproblems, which leads to an efficient reduction of the un-
derlying transducers. For processes involving a single feature alterna-
tion (e.g., English vowel nasalization, Yawelmani vowel shortening),
the improvement is especially pronounced, with sample size reduc-
tions of up to 98%. Even in more complex settings like Polish, where
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rule interaction and singleton transformations make learning more
challenging, FxF still achieved a substantial reduction (over 50%) rel-
ative to the original sample size.

Another important contribution is the stability of featural sam-
ple sizes under increased alphabet size. As shown in the Polish ex-
periments, the size of featural samples grew much more slowly than
segmental ones, highlighting the scalability of the approach. This is
crucial for practical applications, especially when working with large
phonemic inventories or naturalistic data.

It is also worth noting that the alternating features in Polish nat-
urally separate the two processes: in >-raising, the change is carried
by features [tense] and [high] (with [voice] and [sonorant] appear-
ing only in the triggering context), whereas in word-final devoicing
[voice] itself is the feature that changes. This indicates that there are
circumstances where FxF can track distinct processes, which invites
future investigation.

Taken together, these findings support the hypothesis that phono-
logical learning benefits not only from prior knowledge about the type
of function (e.g. k-ISL), but also from the representational flexibil-
ity allowed by featural decomposition. The FxF method leverages this
flexibility to construct more compact and learnable representations.
This offers a promising direction for computational models of phono-
logical acquisition and phonological processes in low-resource lan-
guages while remaining interpretable and grounded in grammatical-
inference methods with theoretical guarantees.

Despite the advantages of incorporating featural representation
in learning classes of sequential functions, the FxF approach could be
further advanced in various ways. First, while the present study holds
the memory window k constant and assumes the structure of the un-
derlying transducer, the empirical results suggest that k can, in many
cases, be minimized for individual features. Particularly, the features
that do not reflect any changes between the inputs and outputs could,
in theory, be learned assuming a much simpler underlying structure,
i.e., 1-ISL DFT.

The second challenge for the FxF approach is the expensive com-
binatorial search for useful feature combinations. This is particularly
true when many features are needed to correctly represent the process.
One way to address this issue would be to incorporate structure into
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the feature space, such as feature geometry (Clements 1985). A more
structured representation of the feature system may allow for a more
efficient and linguistically plausible traversal through the combinato-
rial feature space.

A useful extension to this search would be to consider the size
of 24 for particular combinations ®. For example, as can be seen in
Table 29 in Appendix C, the choice of featural combination for the
insufficient feature [nasal] has a significant impact on sample sizes.
Particularly, the Synasai7 sample has 336 pairs projected from the CS

1

sample, while S naszlvil has 1300 pairs. In this study, we manually
cor

picked the combinations that provided the most efficient functional

samples. Future improvements should incorporate this option into the
FeatSearch algorithm.

Third, the current work consistently assumes left-to-right process-
ing of the input string. Although it is known that the direction of pro-
cessing does not affect the structure of a k-ISL DFT, the potential ef-
fects of directionality on learnability have not yet been explored. For
most of the functions discussed here, the necessary context for change
was on the right, which requires the use of ‘waiting transitions’, i.e.
transitions that output A (the empty string), postponing output until
the relevant context falls within the k window. If, instead, the process-
ing direction was reversed to right-to-left, the relevant context would
be seen before the target symbol, eliminating the need for such waiting
transitions. Such a change in directionality can thus reduce the num-
ber of transitions whose outputs differ from the corresponding inputs.
Under the default assumption of input-output identity at the beginning
of the learning process, switching the direction of processing may lead
to a further reduction of characteristic samples.

Fourth, the current study is limited to k-ISL functions, which,
while capturing a broad class of phonological processes, do not cover
all types of attested phenomena. Extending the framework to capture
more complex processes, such as long-distance or tonal, will require
adapting algorithms that handle tier-based representations, such as
k-OTSL functions (Burness and McMullin 2019; Burness et al. 2021),
or the tier definite and reverse definite classes (Lambert and Heinz
2024). Investigating these extensions is necessary for building models
that are both typologically comprehensive and empirically grounded.
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At the same time, because the FxF framework is implemented
in terms of deterministic finite-state transducers, it is natural to ask
how this architecture relates to learning approaches that operate di-
rectly over symbolic rules, such as Wicentowski’s model of multilin-
gual inflectional morphology (Wicentowski 2002) or Belth’s (2023;
2024) learning-based accounts of phonological processes and tiers. We
leave a systematic comparison with these rule-based learners for fu-
ture work.

Finally, the data in this study was synthetically generated. To
more rigorously evaluate the FxF approach, future work should in-
corporate naturalistic data. An immediate first step would be to apply
the model to problem sets from phonology textbooks, which provide
more realistic yet curated examples that respect different components
of phonological grammar, such as phonotactic constraints. Ultimately,
extending the analysis to include data found in the corpora of child-
directed speech will allow for a more thorough assessment of the ap-
proach’s plausibility as a model of human language acquisition or lan-
guage variation.

Taken together, these future directions point toward the need for
a flexible and adaptive model that can adjust its parameters as needed
for particular functions. As the FxF framework is inherently modular
and compatible with various learners, it seems to be well suited to sup-
port such adaptability. Future extensions could lead to a learner that
can determine whether another feature needs to be added to enrich
the input, adjust the k value as needed (beginning from the default
assumption that k = 1 for each feature ¢ € F), and select the most ef-
ficient direction of processing. Furthermore, it could also incorporate
mechanisms for projecting relevant elements onto tiers where neces-
sary, for example, to capture long-distance processes without com-
promising locality. Developing such a model could further reduce the
characteristic sample size, making FxF-based learning especially suit-
able for low-resource languages, which remain underrepresented in
language technology research and applications.
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CONCLUSION

This work provides a way to apply grammatical inference algorithms
to the learning of phonological alternations in a manner that remains
faithful to the representations employed by phonological theory. The
paper not only provides such a synthesis but also demonstrates that
it comes with tangible benefits: the amount of data sufficient to learn
a phonological process is reduced, in many cases significantly, when
compared to the same grammatical inference algorithm (SOSFIA) op-
erating over segments.

The FxF framework factors the learning of phonological processes
into n-many processes, one for each feature, and aims to learn the
processes that govern each individual feature. The overall grammar is
represented by n-many DFTs, which process segmental input in paral-
lel according to their featural makeup. The outputs of these DFTs are
combined via direct product to recover the segmental output.

Provided that the featural combinations required to successfully
predict an individual feature are small, the state space of the finite-
state transducer to be learned will likewise be small. The reduction in
model size is mirrored by the reduction of the characteristic sample
required for successful inference. As the empirical results show, these
smaller machines more than compensate for the fact that there are
now n-many transducers to learn instead of a single one. In this way,
this work provides an additional argument for phonological features,
beyond the ones already adduced by phonologists and reviewed in
Section 2: phonological features can facilitate the learning of phono-
logical processes.

Empirically, we showed that a 2-ISL function with one feature
changing, such as English vowel nasalization, can be learned from
fewer than 200 input-output pairs, whereas the segment-based learner
required over 6,000 examples. Even for processes of a different na-
ture, such as segment insertion affecting every feature, FxF provides
substantial benefits. This was exemplified by the final o-epenthesis in
Chukchi, where the feature-based learner inferred the function with
approximately 86% less data than the segment-based learners, which
required nearly the entire characteristic sample generated for that
process.
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While the present study focuses solely on a subclass of subsequen-
tial functions, the limitations and directions for future research iden-
tified in the previous section show the broader relevance of this ap-
proach to learning phonological processes. Future empirical studies
can bring us closer to learning models that are linguistically grounded
and interpretable, come with theoretical guarantees, are adaptable to
low-resource settings, and are suitable for modeling language acqui-
sition.
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A APPENDIX: ALL AVERAGED SAMPLES
Table 19:
Samples |S(,4)l, AVg. [Mg.4) Feature set @ | [Sip )|  AVE. [M(s 4l SD
and standard deviation (SD) for all
sufficient features and selected one [nasalj| 39 31 3.89
for the insufficient feature for VN cons

in English [high] 39 24 4.52

[low] 39 23 7.51

[tense] 39 25 9.42

[front] 39 20 8.09

[back] 39 24 5.65

[round] 14 14 0.67

[long] 14 8 1.79

[cons] 14 9 2.02

[son] 14 10 1.66

[cont] 14 9 3.47

[delrel] 39 25 4.99

[approx] 39 26 9.29

[voice] 14 9 2.66

[1ab] 39 24 4.72

[labdent] 39 26 4.72

[cor] 39 23 4.76

[ant] 39 24 5.80

[distr] 39 26 3.92

[strid] 39 24 8.50

[lat] 39 28 4.06

[dor] 39 25 5.38
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Feature set ® IS@,¢)]  Avg. Mg ¢l SD

[high] 363 148 27.13
[low] 62 32 6.92
[tense] 363 159 32.15
[front] 363 146 30.43
[back] 363 167 23.66
[round] 62 30 7.39
[long] 363 317 49.02
[cons] 62 36 5.47
[son] 62 39 7.77
[cont] 62 34 6.19
[delrel] 62 34 7.75
[approx] 62 33 7.67
[nasal] 54 41 6.68
[voice] 54 33 10.11
[1ab] 62 35 4.17
[labdent] 62 33 4.51
[cor] 336 139 24.05
[ant] 309 136 19.28
[distr] 62 32 8.09
[strid] 62 30 6.75
[at] 62 31 4.92
[dor] 336 169 17.89
[constrgl] 336 157 32.91
[spreadgl] 62 35 7.51
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Table 21:

Samples S, 4)l, AvE. [Mg.4)] Feature set @ | [Sip )|  AVE. [M(g 4l SD
and 'st.andard deviation (SD) for all [high] 309 165 30.34
sufficient features and selected one 1 62 38 545

for each insufficient feature for FE [low] )
in Chukchi [tense] 62 32 5.69
[front] 309 166 31.76
[back] 309 174 22.55
round
. 309 225 30.28
high
[long] 62 32 5.54
[cons] 62 31 4.95
s°n] 336 260 12.77
| low
[ cont
] 363 306 18.02
| tense
[ delrel
1,236 924 57.82
| long
[approx] 62 34 6.24
“asal] 336 290 17.26
| son
V°‘°e] 363 305 21.22
| cons
[1ab] 363 313 8.88
[labdent] 62 34 5.46
[cor] 363 305 17.30
[ant
1,236 922 61.73
_labdent]
[ distr
1,236 801 14.98
| cor
Smd} 1,236 955 58.46
| dor
[lat] 336 274 12.90
[dor] 62 32 4.55
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Feature set IS@.¢))  AVE. [Mg ) SD
[;’;’rllce] 336 214 1073
[son] 62 27 12.77
[cons] 62 28 14.37
[cont] 62 26 7.70
[cor] 62 35 6.34
[ant] 336 157  17.27
[dor] 62 32 4.33
[lab] 62 25  14.26
[distr] 62 32 12.28
[delrel] 336 147 38.97
[nasal] 54 29 14.92
[lat] 62 31 15.93

high

‘S’(‘)’:e 8,250 7,119  907.70

low
[back] 62 29 1212
[low] 336 153  60.16

tense

voiee 8,250 7,372 806.83

son

round
[round] 336 137 51.76
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B APPENDIX: ALL INDIVIDUAL SAMPLES

Table 23: Cardinalities |[M(s 4)| and |Mjy| for all sufficient features and selected
one for the insufficient feature, across 10 runs, for VN in English

Feature set ¢ lM(Q’qS)I

1 2 3 4 5 6 7 8 9 10
[“asal} 37 34 24 31 31 33 32 25 30 30

cons

[high] 19 16 30 20 23 28 29 24 24 25
[low] 19 35 27 23 2 12 30 23 26 11
[tense] 32 290 27 18 33 33 3 21 32 23
[front] 21 32 6 23 8 26 23 19 27 19
[back] 29 30 17 26 22 22 17 20 34 24
[round] 11 8 8 12 8 7 6 5 8 11
[long] s 7 7 9 10 7 7 9 11 9
[cons] 9 9 8 12 10 10 5 8 7 11
[son] 10 12 12 9 10 7 9 11 8 11
[cont] 11 8 5 11 12 10 13 3 6 9
[delrel] 25 20 17 23 28 33 28 28 21 30
[approx] 33 27 20 22 23 35 31 20 2 24
[voice] 7 10 1 9 6 13 6 10 5 11
[lab] 28 28 31 23 23 2 16 24 17 23
[labdent] 19 38 28 27 28 21 34 24 16 21
[cor] 14 25 22 18 21 25 22 32 23 25
[ant] 21 16 22 18 27 23 35 27 28 18
[distr] 29 2 31 19 27 2 21 26 31 24
[strid] 30 33 3 26 25 24 31 20 29 25
[lat] 23 26 23 26 32 23 33 27 32 31
[dor] 24 24 25 32 21 26 35 23 16 28
M| 189 206 177 179 196 198 190 174 184 186
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Table 24: Cardinalities | M4 )| and |M| for all sufficient features, across 10 runs,
for VS in Yawelmani

Feature set ¢ |M(q>’¢)|

1 2 3 4 5 6 7 8 9 10
[high] 106 151 127 146 140 184 119 174 145 187
[low] 38 33 27 37 31 38 40 29 29 17
[tense] 143 199 165 172 183 179 9% 120 149 185
[front] 113 130 194 141 116 159 161 107 155 188
[back] 169 174 157 119 180 187 200 166 140 181
[round] 40 23 38 31 24 30 35 16 34 28
[long] 354 341 335 298 236 224 358 351 332 344
[cons] 33 32 37 33 46 42 35 40 27 37
[son] 52 36 42 27 44 32 46 38 31 44
[cont] 38 39 22 36 33 39 25 38 37 29
[delrel] 40 28 24 37 29 32 26 46 29 44
[nasal] 41 40 23 24 28 32 46 37 33 28
[approx] 40 32 44 52 28 41 44 43 39 42
[voice] 24 37 31 45 26 22 51 20 35 36
[lab] 32 39 32 36 32 37 38 28 41 31
[labdent] 31 31 37 26 41 32 33 38 31 29
[cor] 153 132 117 128 179 159 97 151 154 124
[ant] 128 119 132 152 104 158 148 124 131 166
[distr] 27 45 35 22 25 33 27 44 34 24
[strid] 26 21 35 23 33 31 36 41 35 23
[1at] 23 32 35 26 25 33 39 33 33 31
[dor] 142 143 181 189 169 168 164 168 199 167
[constrgl] 128 140 137 217 132 145 159 195 133 200
[spreadgl] 920 943 942 967 868 910 972 994 952 1052
| M| 920 943 942 967 868 910 972 994 952 1052
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Table 25: Cardinalities |M(s 4)| and |Mj| for all sufficient features and selected
one for each insufficient feature, across 10 runs, for FE in Chukchi

M
Feature set ¢ | (q”¢)|
1 2 3 4 5 6 7 8 9 10

[high] 193 146 174 176 125 170 228 154 137 144
[low] 30 40 44 32 45 39 44 37 36 32
[tense] 32 22 39 32 32 26 29 32 4 36
[front] 123 172 191 183 144 206 147 193 186 114
[back] 190 190 188 174 160 204 134 152 194 157
[;‘i);}?d] 256 186 215 222 239 254 209 170 260 236
[long] 28 34 42 29 30 36 22 32 37 34
[cons] 37 33 31 28 31 32 32 32 19 36

ls:;] 223 259 203 253 273 283 283 271 267 287

cont } 277 315 317 323 317 293 313 307 275 323
| tense

ﬁ)‘i?l] 1023 933 873 923 863 853 913 963 893 1003
[approx] 26 32 38 45 28 27 38 38 39 32

;’:jal] 277 208 283 267 297 331 281 285 293 285

‘C’(‘)’rllze] 277 319 259 311 295 317 323 321 311 313
[lab] 315 311 323 311 321 317 297 305 303 323
[labdent] 39 44 31 20 35 33 28 2 36 36
[cor] 315 285 313 267 299 311 321 307 315 321

ant 873 873 893 963 993 923 1053 883 873 893
| labdent

S:;tr} 813 813 813 784 784 784 813 813 784 813
[strid

o 963 893 1013 1083 953 933 963 953 893 903
[lat] 279 249 257 267 287 287 285 275 275 281
[dor] 34 37 2 32 30 40 31 37 30 27
M, | 2380 2,293 2,320 2,373 2,301 2,308 2,372 2,365 2,238 2,356
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Table 26: Cardinalities |[M(s 4)| and |M| for all sufficient features and selected
one for each insufficient feature, across 10 runs, for FD and OR in Polish

Feature set ® |M(q)’¢)|

1 2 3 4 5 6 7 8 9 10
[;;?e} 223 201 219 196 201 217 223 217 225 221
[son] 39 34 26 28 45 25 9 30 33 3
[cons] 39 42 34 44 25 28 33 32 3 4
[cont] 24 25 26 7 27 32 31 25 31 35
[cor] 28 40 43 32 33 36 40 34 22 39
[ant] 165 152 126 160 170 140 168 158 187 145
[dor] 286 39 34 2 2 35 31 33 36 33
[lab] 27 16 3 36 3 31 27 4 25 44
[distr] 39 38 3 23 41 48 37 33 31 29
[delrel] 200 159 124 114 117 141 151 133 102 224
[nasal] 3 42 42 29 37 43 3 3 27 30
[lat] 33 3 46 30 47 31 3 34 36 45
high
:;Te 7,310 6,560 8,180 6,060 7,780 7,620 6,620 8,220 5,500 7,340
low
[back] 23 4 37 35 22 42 22 46 27 27
[low] 145 169 165 187 157 125 4 152 198 230
tense
:;fe 6,870 8,220 7,780 6,100 7,180 8,130 8,100 6,300 8,140 6,900
round
[round] 144 163 150 161 178 4 126 172 166 104
|Mp| 8,185 8371 8,321 7,669 8,263 8350 8,336 8,333 8,319 8,200
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with 8, 9 and 10
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for FD and OR
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Feature set & [Zseg| = 8 [Zieg| = 9 [Zseg| = 10
S@,0)| IMes,0)l | 1S@,)| [tM@,p)l| [S@,0)] 1M(s,0)

[Vmce} 363 241| 363 223 363 235

son

[son] 62 32 62 34 62 23

[cons] 62 38 62 41 62 31

[cont] 62 40 62 27 62 33

[cor] 62 7 62 34 336 4

[ant] 363 4| 363 114 363 135

[dor] 62 33 62 3 62 43

[lab] 62 47 62 41 336 4

[distr] 62 34 62 25 62 29

[delrel] 363 141| 363 4 363 5

[nasal] 54 43 62 29 62 43

[lat] 62 32 62 28 62 39

[ high |

voice 8,446 7,416| - - - -

son

| low |

[ high |

:’lzg - - |17,802 13,122] 17,892 8,122

| low |

[back] 62 24 62 32 62 37

[low] 336 192| 336 119 336 182

_tense i

voiee 8,446 6,656| - - - -

son

| round |

_tense i

Kg;‘:{ - - |17,802 12,482| 17,802 17,843

| round |

[round] 336 162| 336 136 336 153

Mg 33,352 8,283]59,868 16,272101,110 17,945
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APPENDIX: CARDINALITIES
OF ALL |S 4)| FOR THE insufficient

FEATURES
® 1Sc6.0)] Table 28:
@9) Cardinality |S(s pasap| for ® combinations
[nasal 39 with the insufficient feature [nasal]
| cons and various features in English
nasal } 155
| approx
nasal} 155
| lat
[nasal
155
| lab ]
[ nasal
84
_labdent}
nasal 155
|cor |
- 0
nasa 155
_dor )
nasal 84
| front |
[nasal | 84
_back ]
nasal 39
| long |
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Table 29: Cardinalities |S(s 4)| for all & combinations with insufficient features
[round], [son], [cont], [delrel], and [nasal] and various features in Chukchi

[round] [son] [cont] [delrel] [nasal]
B — = = =
s e 5 s e
@ @ @ @ @ @ ) @ ® @
[ round | [ son [ cont [ delrel | [nasal |
_low ] 309 _high} 1172 high} 1236 _high ] 3405 high | 1172
round 309 | | 5o0 336 cont 363 delrel 1236 nasal 336
| tense | | tense | _low _low ] _low |
round 309 son 1172 cont 1236 delrel 1236 nasal 336
_front 1 _front_ _front | tense | | tense |
[ round | [son | [ cont | [ delrel | [ nasal |
_back 1 309 | back | 1172 | back | 1236 _front 1 3405 _front | 1172
round 309 son 336 cont 363 delrel 3405 nasal 1172
| long | | long | | long | | back | | back |
round 309 son 336 cont 363 delrel 1236 nasal 336
| cons | | cons | | cons | | long | | long |
round } 309 | | 500 1300 cont 1300 delrel 1236 nasal 336
| approx | cont |  son | | cons | | cons |
round 1236 son 336 cont 3530 delrel 1236 nasal 1236
|lab | | approx | delrel | approx | delrel |
round 309 | | o0 336 cont 363 delrel 1236 nasal 336
| labdent | nasal | approx | nasal | | approx
[round] [ son [ cont [ delrel | [ nasal
cor | 1236 _lab ] 1300 _lab } 3530 _lab ] 3530 _lab } 1300
[ round | [ son [ cont [ delrel [nasal
|lat | 1172 _labdent} 336 _labdent} 363 _labdent} 1236 _labdent] 336
round 309 | | 5o0 1300 cont 3530 delrel 3530 nasal 1300
| dor | | cor | | cor | [cor | | cor |
[ son | [ cont | [ delrel | [ nasal |
_lat | 1236 _lat ] 1236 _lat ] 3530 _lat ] 1236
[ son | [ cont | [ delrel | [ nasal |
i dor_ 336 i dor ] 363 i dor ] 1236 i dor ] 336
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Table 30: Cardinalities |S(s 4)| for all & combinations with insufficient features
[voice], [ant], [distr], and [strid] and various features in Chukchi

[voice] [ant] [distr] [strid]
¢ |S(<I>,voice) | o |S(<I>,ant) | o |S(<I>,distr) I ¢ |S(<I>,strid) |
voice | [ant [ distr [ strid
1236 3405 3405 3405
| high | _high] | high ] | high ]
voice 363 ant 1236 distr 1236 strid 1236
| low | | low | low | low
voice 363 ant 1236 distr 1236 strid 1236
| tense | tense | tense | | tense |
voice 1236 ant 3405 distr 3405 strid 3405
| front | front | front | | front |
[voice | [ant [ distr | [ strid |
1236 3405 3405 3405
| back | back} | back | | back |
voice 363 ant 1936 distr 1236 strid 1936
| approx long | long | | long |
voice 1300 ant 1936 distr 1936 strid 1936
|lab | cons | cons | | cons |
voice 363 ant 1236 distr 1236 strid 1236
| labdent | approx | approx | approx
[voice | [ant | [ distr | [ strid |
1 12 12 12
| cor | 300 | lab | 36 | lab | 36 |lab | 36
[voice | [ant | [ distr [ strid
1300 1236 1236 1236
|lat | | cor | _labdent} _labdent}
voice 363 ant 1236 distr 1236 strid 1236
| dor | | lat | lat | | lat |
ant 1236 distr 1236 strid 1236
| dor | | dor | | cor |
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Table 31: ® Cardinality

Cardinalities |S(g )| for all & combinations
with insufficient features [voice], [high], [tense]

voice 336
and various features in Polish

son

voice
1172
delre1:|

[ high

voice

| B a—|

8250
son

round
[ high |
voice 8950
son

low

tense

voice
8250
son

low

tense

voice 8250
son

round
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