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Legend has it that the Greek General Mardonius buried a
treasure and Polycrates searched for it without luck. He asked
the Oracle of Delphi how he could find it and the answer was:

“IIdvTa Aibov kivel”
Pénta lithon kinei

Turn every stone.
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1 I argue that symbolic, formal systems studied in
mathematical and computational linguistics remain mostly
unexplored, and that many rich treasures, which provide
insight into natural languages, remain waiting to be
discovered.

2 My argument rests on grammatical analyses and learning
results based on fine-grained computational classes.

3 These results are interpretable, broadly faithful to
linguistic theories (e.g. locality, representations), learnable
from small data, make cognitive predictions, and more.
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POSSIBLE

PATTERNS °.
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Computably Possible

Context—-Sensitive

Regular

Subregular

strings

(Chomsky, 1956; Johnson, 1972; Huybregts, 1984; Shieber, 1985;

Kaplan and Kay, 1994)
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Computably Possible

Context—-Sensitive

Regular

Subregular

strings
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(Heinz, 2018, 2025)
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Computably Possible

Context—-Sensitive

’ Regular

. Subregular

trees strings

(Kobele, 2011; Graf, 2012; Stabler, 2019)
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Computably Possible

Context—-Sensitive

Regular

Subregular

trees strings
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(Graf, 2022)
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Mathematical and computational characterizations

1

are grounded in rich theories of formal grammars, logic,
algebra and automata

are inclusive of linguistic representations (strings, trees,
features, autosegmental, prosodic, morphological, ...)
provide methods to verify complex analyses of linguistic
phenomena

make clear typological predictions

have led to new learning algorithms (which generalize
more correctly with less data)

have cognitive analogues and make psycholinguistic
predictions

can be applied to many subdomains of language
including phonetics, phonology, morphology, syntax,
semantics, pragmatics
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optimization ~ satisfaction

statistics ~ structure
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optimization ~ satisfaction

statistics ~ structure
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Logical languages as a window into natural languages.

Monadic Second Order Logic ~ Regular

First Order Logic

Propositional Logic (Quantifier Free)

Conjunctions
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1 What ‘Regular’ Means

Locality /Subregularity in Phonological Processes
Locality /Subregularity in Phonological Constraints
Learning Phonological Constraints

Learning Phonological Processes

Beyond Phonology

N B A V]

Conclusion
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b

Multiple Equivalent Formalizations of “Regular

Theory Result

Logic Monadic Second Order
Automata Finite-state
Algebra Finite Semigroups

Kleene (1956); Biichi (1960); Pin (2021)

CUNY, NY | 2026.10.16 J. HEINZ | 11



A grammar is regular provided the memory required to
assemble the computation is bounded by a constant,
regardless of the size of the input.

R
memory
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size of input

Regular

memory

size of input

Non-Regular

J. HEINZ | 12



Progressive

Vowels agree in backness with the first vowel in the underlying
representation.

Majority Rules

Vowels agree in backness with the majority of vowels in the
underlying representation.

UR Progressive  Majority Rules
SR SR

/no-ke-lu/ nokolu nokolu

/no-ke-li/ nokolu nikeli

/pi-du-go/ pidige pudugo

/pi-dugo-me-mi/ pidigememi pidigememi
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A~
memory
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size of input

Regular

Progessive

memory

size of input

Non-Regular

Majority Rules
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Typological

Majority Rules is unattested. (Lombardi 1999, Bakovic 2000)

Psychological

Human subjects fail to learn Majority Rules in artificial gram-
mar learning experiments, unlike progressive harmony.
(Finley 2008, 2011)

Computational

Majority Rules is not regular. (Riggle 2004, Heinz and Lai 2013)
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1 There exists a CON and ranking over it which generates
Majority Rules: AGREE(BACK)>>IDENTIO [BACK].

2 Some believe changing CON may resolve this, but such an
approach fails to recognize the core problem.

3 The problem appears to be global optimization itself.
There are many reasons to think CON cannot be so
changed! (Hao 2019, 2024; Lamont 2021, 2022)
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1 What ‘Regular’ Means

Locality /Subregularity in Phonological Processes
Locality /Subregularity in Phonological Constraints
Learning Phonological Constraints

Learning Phonological Processes

Beyond Phonology

N B A V]

Conclusion
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Word-final /e/ raising in Finnish (Uralic, Finland)

/#reke# /
[#reki#]

‘sledge (nom. sg.)’

Odden (2013)
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Word-final /e/ raising in Finnish (Uralic, Finland)

‘sledge (nom. sg.)’

® The max window size is called the ‘k’ parameter.
Here k=2.

® /e/ becomes [i] if its neighbor to the right is the
boundary.

® Let’s call such processes Strictly Local.

Odden (2013)
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Long-distance nasal agreement in Kikongo (Bantu,
Congo)

/ku-dumuk-is-ila/

[ku-dumuk-is-in a

‘to cause to jump for’

(Piggot, 1996)
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Long-distance nasal agreement in Kikongo (Bantu,

Congo)
/ m Ry

[ m n |

‘to cause to jump for’

® The window is on a ‘nasal/lateral tier’ (and k=2).

e /1/ becomes [n] if its neighbor to the left on the
tier is a nasal.

® Let’s call such processes Strictly Tier-Local.

(Piggot, 1996; Goldsmith, 1979; Lambert, 2023, and others)
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1 What is the typological coverage of Strictly Local and
Strictly Tier-Local processes?

2 Are all regular processes Strictly Local or Strictly
Tier-Local?

3 Given a phonological process, how can we tell whether it is
Strictly Local or Strictly Tier-Local or not?

4 To what extent can Strictly Local and Strictly Tier-Local
processes be learned?
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Chandlee (2014) formally defined strictly local processes and
showed:

1 Simultaneous application of SPE-style rules
A — B/ C_D for which CAD has a maximum length
are strictly local.

2 Approximately 95% of the individual processes in P-Base
(v.1.95, Mielke 2008), including local substitution, deletion,
epenthesis, and synchronic metathesis are strictly local.

3 Many opaque transformations without any special
treatment are also strictly local

(Chandlee, 2014; Chandlee and Heinz, 2018; Chandlee et al., 2018)
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Can express:

1 Self-feeding, iterative spreading (such as nasal spreading in
Johore Malay)
2 Progressive and regressive consonant and vowel harmonies

® with and without transparent, opaque segments
® with and without icy targets
® with double triggers or positionally sensitive triggers

Cannot express:
1 two-sided unbounded contexts
2 bi-directional application

3 multiple, interacting tiers

(McMullin, 2016; Burness et al., 2021; Lambert and Heinz, 2024)
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Multiple Equivalent Formalizations of “Strictly Local”

Theory Result

Logic ?
Automata 7?7
Algebra ?

Kleene (1956); Biichi (1960); Pin (2021)
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Quantifier Free:

Formulas defining the process can refer to next and previous
string positions, but cannot use the quantifiers 3 and V on the
right hand side of :=".

Example: Finnish e-raising:

hlghoutput( ) =
high(z) V ( front(z) A —low(z) A boundary(next(z)) )

Nesting gives larger windows: next(next(x)) and so on.

(Lindell and Chandlee, 2016)
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Logic (continued). Compare:

1 Poutput(z) := Q(z) A (3y)[R(y)]  (First Order Definable)

Requires scanning whole structure for such a y!!

2 Pouput(2) := Q(z) A R(z) (Quantifier-free Definable)

Information to decide P is local to z in the input!!
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1 All strictly local and tier-local patterns are regular.

2 Not all regular patterns are strictly local or tier-local.

Monadic Second Order Logic ~ Regular

First Order Logic

Propositional Logic (Quantifier Free)

Conjunctions
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1 All strictly local and tier-local patterns are regular.

2 Not all regular patterns are strictly local or tier-local.
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For processes over strings, Strictly Local and Strictly Tier-Local
processes have other characterizations.

Multiple Equivalent Formalizations of “Strictly Local”

Theory Result

Logic Quantifier Free with next/previous
Automata Finite-state, states ~ last k-1 symbols
Algebra Finite Semigroups, satisfy zy* = y*

These other formalizations are useful for learning and
verification.

(Chandlee, 2014; Chandlee et al., 2014; Lindell and Chandlee, 2016; Lambert,
2022, 2023, 2024)
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For processes over strings, Strictly Local and Strictly Tier-Local
processes have other characterizations.

Multiple Equivalent Formalizations of “Strictly Tier Local”

Theory Result

Logic Quantifier Free with next/previous on the tier
Automata Finite-state, states ~ last k-1 symbols on tier
Algebra Finite Semigroups, satisfy zxy® = zy~

These other formalizations are useful for learning and
verification.

(Chandlee, 2014; Chandlee et al., 2014; Lindell and Chandlee, 2016; Lambert,
2022, 2023, 2024)
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Strother-Garcia (2018) shows that the process of syllabification
in Imdlawn Tashlhiyt Berber (Dell and Elmedlaoui 1985, Prince
and Smolensky 1993) is Quantifier Free.

/txznt/

maps to

next

>
>

(@) (@)
b 4 ) 0 J
9 next next 9 next next
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Strother-Garcia (2018) concludes “...syllabification in ITB can
be represented by a QF [logical] transduction, a formalism
restricted to substantially lower computational complexity than
[traditional] phonological grammars... Establishing that ITB
syllabification is QF highlights an insight not apparent from
[traditional] grammatical formalisms...”
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Dolatian (2020) examines the phonology-morphology interface

in Armenian in light of Quantifier Free logical transductions.
He concludes

“the bulk of the morphology-phonology interface requires local
computation, not global computation.”

i. ii. MStem

MWord /

MWord ”
MStem / K
A MRoot v grnd

MRoot v grnd n l m l m l
‘ | ‘ morph morph morph
morph morph morph " "
AT N LN
lav 0 Y 1 < A < v < ! < Y < 9
“loving”
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Nelson (2022, 2024) examines the phonetics-phonology interface,
and shows how to convert coupling graphs in Articulatory
Phonology to familiar segmental representations and vice
versa using First Order logic. Whether it is QF remains open.

x TB
uvul T
nar rel

LIPS
dent b@

“laughed”

CUNY, NY | 2026.10.16 J. HEINZ | 27



1 What ‘Regular’ Means

Locality /Subregularity in Phonological Processes
Locality /Subregularity in Phonological Constraints
Learning Phonological Constraints

Learning Phonological Processes

Beyond Phonology

N B A V]

Conclusion
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Finnish

- [#reke#t/ — [#reki#]

- Constraint: *e#

Kikongo
- /ku-dumuk-is-ila/ — [ku-dumuk-is-inal
- Constraint: *[+nasal]...[+lateral]

Markedness constraints are ill-formed structures...
and well-formed structures do not contain them!

(Rogers, 1998; Heinz, 2010; Rogers et al., 2013; Rogers and Lambert, 2019;
Lambert et al., 2021)
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Grammars are Conjunctions of negative literals

_‘Cl/\_‘OQ.../\_‘Cn

Plain English Constraints C;

“A well-formed structure
must not contain C} and
must not contain Cy and

must not contain C,,”

\

The constraints C; are struc-
tures connected by relations
such as next, next-on-tier
or others.
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Grammars are Conjunctions of negative literals

—Ci NGy . NGy,

Monadic Second Order Logic ~ Regular

First Order Logic

Propositional Logic (Quantifier Free)

Conjunctions
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Some well-studied patterns of tonal association

félama HLL ‘junction’

(Mende)

1 Position-specific contours (Hausa)

2 Position-specific plateaus (Northern Karanga)
3 Melody constraints (Mende)

4 Quality-dependent plateaus (Kukuya)

Jardine (2016, 2017) argues grammars like
“CLNAN-Cy...N=C,

where C; are autosegmental structures captures the typology

better than previous OT and derivational analyses.
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Mende tonotactic grammar

-HLH

OO OM0
(D~~~

(Jardine, 2016, 2017)
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Mende tonotactic grammar

-HLH A = NonFinal-Contour

NonFinal-Contour = ° °

(Jardine, 2016, 2017)
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Some well-studied patterns of tonal association
1 Position-specific contours
2 Position-specific plateaus
3 Melody constraints
4

Quality-dependent plateaus

Jardine (2016, 2017) argues grammars like
“Ci1AN-Cy...N=C,,

where C; are autosegmental structures captures the typology
better than previous OT and derivational analyses.
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Lambert (2026) studies phonotactic patterns over strings.

“In this article, I classify a wide range of attested long-distance
phonological markedness constraints, covering stress, harmony
and tone, with focus on interactions of constraints over multiple tiers.

To this end, connections are established between propositional logic
over multiple tiers and algebraic properties of formal languages. These
techniques allow for mechanical verification or refutation of
membership in a class...

I demonstrate that the entire range lies within the propositional
level, including Uyghur backness harmony and Karanga Shona tone,
which have been presented as challenges to aspects of the subreqular
hypothesis.” (Lambert, 2026)
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Grammars are a Propositional Logic of literals

01/\—\02.../\(Cn_1\/ Cn)

“A well-formed structure The constraints C; are struc-
must contain C) and tures connected by relations
must not contain Cy and such as next, next-on-tier

or precedes.

must contain either C,_1 or
C 2
n
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Grammars are a Propositional Logic of literals

01/\—|02.../\(Cn_1\/ Cn)

Monadic Second Order Logic ~ Regular

First Order Logic

Propositional Logic (Quantifier Free)

Conjunctions
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1 What ‘Regular’ Means

Locality /Subregularity in Phonological Processes
Locality /Subregularity in Phonological Constraints
Learning Phonological Constraints

Learning Phonological Processes

Beyond Phonology

N B A V]

Conclusion
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v [ k] [+high]  X[-back] [ Thiek ] X..
\ T T~ S
v [-high][+high] v [-back][+high] X[-back][+back] ...
~_ T~ TN T~
/ [-high] / [+high] / [-back] V [+back]
W
an

Possible constraints are partially ordered with superfactors containing their
subfactors. Illicit structures are upward entailing, licit structures are
downward entailing.

(Chandlee et al., 2019; Rawski, 2021; Swanson et al., 2026)

CUNY, NY | 2026.10.16 J. HEINZ | 37



The BUFIA algorithm
traverses and prunes the
search space.  Arrows
indicate  direction of
search, while shaded
areas indicate sections
of the partial order
which have been pruned.
Chandlee et al (2019)
prove the most general

constraints true of the
data are found.

(Chandlee et al., 2019; Rawski, 2021; Swanson et al., 2026)
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BUFTA
1 is deterministic and returns grammars of the form

-CiAN=Cy...N=C,

2 Words are well-formed if they satisfy the grammar.

3 Can be implemented over different relational structures:
strings, feature-bundle strings, autosegmental
representations, trees, ...

Maximum Entropy based UCLA Phonotactic Learner

1 is probabilistic and returns weighted constraints.

2 Words are well-formed according to the weighted sum of
their constraint violation profiles.

3 Unclear how to implement for representations other than
strings.

(Chandlee et al., 2019; Hayes and Wilson, 2008)
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1 South Bolivian Quechua Phonotactics:
BUFIA-FTR ~ MAXENT-FTR > BUFIA-SEG,
MAXENT-SEG
(Wilson and Gallagher, 2018; Swanson et al., 2026)
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1 South Bolivian Quechua Phonotactics:
BUFIA-FTR ~ MAXENT-FTR > BUFIA-SEG,
MAXENT-SEG
(Wilson and Gallagher, 2018; Swanson et al., 2026)

2 Stress in Jordanian, Egyptian, and Sudanese Arabic:
BUFIA > Neural Encoder-Decoder on less data but Neural
Encoder-Decoder > BUFIA on more data

(Qaddoumi et al., 2026)
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1 South Bolivian Quechua Phonotactics:
BUFIA-FTR ~ MAXENT-FTR > BUFIA-SEG,
MAXENT-SEG
(Wilson and Gallagher, 2018; Swanson et al., 2026)

2 Stress in Jordanian, Egyptian, and Sudanese Arabic:
BUFIA > Neural Encoder-Decoder on less data but Neural
Encoder-Decoder > BUFIA on more data

(Qaddoumi et al., 2026)

3 Modeling Bilingual Phonotactic Judgments:
BUFTA-FTR > MAXENT-FTR
(Tetzloff and Li, 2026)
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1 South Bolivian Quechua Phonotactics:
BUFIA-FTR ~ MAXENT-FTR > BUFIA-SEG,
MAXENT-SEG
(Wilson and Gallagher, 2018; Swanson et al., 2026)

2 Stress in Jordanian, Egyptian, and Sudanese Arabic:
BUFIA > Neural Encoder-Decoder on less data but Neural
Encoder-Decoder > BUFIA on more data

(Qaddoumi et al., 2026)

3 Modeling Bilingual Phonotactic Judgments:
BUFTA-FTR > MAXENT-FTR
(Tetzloff and Li, 2026)
4 Hausa Tonotactics:
BUFTA-AR > BUFIA-SEG, BUFIA-FTR,
MAXENT-FTR, MAXENT-SEG
(Li and Heinz, 2026)
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X
| = | w=2 | =3
L H H L L H
N/ \Y4 [
" " uoon WO
| | N/ I/
s=1 o o o fo
(a) (b) © (d)
H oL OH L HLH
I/l N /1IN
Hup g foup
|/ Y I/
§s=2 - _ o o o o o o
(e) (&) (2)
H L LHL HLH LHL
[ /1IN I\ [N
Hpp ppp ppp ppp
- : VR A Y Y
(h) (i) 0) (k)

Table 9: Hausa constraints returned by BUFIA-AR when s <3, r <3, 4 <3

(Jardine, 2017; Li and Heinz, 2026, to appear, in Phonology)
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optimization ~ satisfaction

statistics ~ structure
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1 What ‘Regular’ Means

Locality /Subregularity in Phonological Processes
Locality /Subregularity in Phonological Constraints
Learning Phonological Constraints

Learning Phonological Processes

Beyond Phonology

N B A V]

Conclusion
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1 There are theoretical results for learning subregular classes
such as Strictly Local and Tier Local Processes ...
(Chandlee et al., 2014; Jardine et al., 2014; Burness and McMullin,
2021)
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1 There are theoretical results for learning subregular classes
such as Strictly Local and Tier Local Processes ...
(Chandlee et al., 2014; Jardine et al., 2014; Burness and McMullin,
2021)
2 ..in contrast to the full regular class for which theoretical

results are uniformly negative
(Angluin, 1980; Valiant, 1984; de la Higuera, 2010)
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1 There are theoretical results for learning subregular classes

such as Strictly Local and Tier Local Processes ...
(Chandlee et al., 2014; Jardine et al., 2014; Burness and McMullin,
2021)

2 ..in contrast to the full regular class for which theoretical

results are uniformly negative
(Angluin, 1980; Valiant, 1984; de la Higuera, 2010)

3 If there are too many ways to interpret the data, learning
is hard! Structure helps! (Rawski and Heinz, 2019)

. LOGICALLY POSSIBLI
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1 Markowska (2026) shows that phonological features
dramatically reduces the number of examples sufficent to
generalize correctly in a variety of case studies.

(Markowska, 2026; Markowska and Heinz, 2026)
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1 Markowska (2026) shows that phonological features
dramatically reduces the number of examples sufficent to
generalize correctly in a variety of case studies.

2 Her methods synthesize BUFIA with earlier work to learn
the behavior of each feature in a process separately.

3 This reduces the number of examples sufficient from 1,000s
or 10,000s to hundreds or dozens.

(Markowska, 2026; Markowska and Heinz, 2026)
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1 Markowska (2026) shows that phonological features
dramatically reduces the number of examples sufficent to
generalize correctly in a variety of case studies.

2 Her methods synthesize BUFIA with earlier work to learn
the behavior of each feature in a process separately.

3 This reduces the number of examples sufficient from 1,000s
or 10,000s to hundreds or dozens.

4 For example, she shows that one can learn the opaque
interaction between o-raising and word-final devoicing in
Polish with as few as 300 forms sampled from the most
frequent words in child-directed speech, of which only ~3%
show any alternation!

(Markowska, 2026; Markowska and Heinz, 2026)
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1 What ‘Regular’ Means

Locality /Subregularity in Phonological Processes
Locality /Subregularity in Phonological Constraints
Learning Phonological Constraints

Learning Phonological Processes

Beyond Phonology

N B A V]

Conclusion
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/\ /\
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VAN
which engineer do T, DP, T’
| PN
d Emo VP
/\
ooV
N\

Voot

kiss

Phrase Structure Tree

Move

Move

Merge
o Move
T+ htwht o |
Merge
—ed Merge
VH nomt T h=

Elmo  Merge

kiss Merge
Dt ptv-

which engineer

Nt D™ wh™ -

Derivation Tree
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® Rogers (1997, 1998) showed that

Context-Free Languages are Strictly
Local Tree Structures.

Graf (2022) and colleagues argue many
syntactic constraints are Strictly Local
or Tier Local either directly over
derivation trees or over sequential
paths present in those trees (see also
Hanson, 2023, 2025)

Swanson (2025) shows how a
BUFTA-style algorithm can learn such
tree-constraints from example derivation
trees.
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® Pietroski (2018b,a) argues for limiting semantic types and
using conjunction as the principal mode of
semantic composition.

¢ Pietroski and Icard (2025) show this restricted logic retains
the computational complexity of propositional logic.

CUNY, NY | 2026.10.16 J. HeNz | 48



Computably Possible

Context—-Sensitive

Regular

. ‘ Subregular

trees strings
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1 What ‘Regular’ Means

2 Locality /Subregularity in Phonological Processes
Locality /Subregularity in Phonological Constraints
Learning Phonological Constraints

Learning Phonological Processes

Beyond Phonology

N O O ke W

Conclusion
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Symbolic, formal systems provide insight into natural
languages but are still underexplored.

1 Fine-grained computational properties as necessary
linguistic properties!
2 Linguistic representations matter too!

3 Logic provides a way to talk about both simultaneously.
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Learning as Satisficing, not learning as optimizing!
(cf. BUFIA, Yolyan (2025); Belth (2026))

1 Start with a simple grammar and test it against the data.

2 Complexify in specific ways—based on representation and
computational class—and test again.

3 Repeat until a “sufficiently good” hypothesis is found.
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1 More careful analysis of complex cases: bidirectionality,
interaction between tiers, interacting processes

2 Decomposing observed forms into lexicons (URs),
morphological and phonological grammars

Grammars with exceptions
Modeling course of acquisition

Study of more logical languages

(2B B )

Using these properties to understand other types of
computation
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1 Don’t underestimate the power of structure and
satisfaction!

2 Mathematical and computational methods based in formal
grammars and symbolic computation for linguistics are
both viable and nascent.

3 There is much work to do!
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